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MIHAELA MANOLIU 



Abstract. We give a construction of the abelian Chern-Simons gauge theory 
from the point of view of a 2 + 1 dimensional topological quantum field theory. 
The definition of the quantum theory relies on geometric quantization ideas 
which have been previously explored in connection to the nonabelian Chern- 



Simons theory | JW, ADW . We formulate the topological quantum field theory 



in terms of the category of extended 2- and 3-manifolds introduced by Walker 



I Wa ] and prove that it satisfies the axioms of unitary topological quantum field 



theories formulated by Atiyah |A1 
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abelian chern-simons theory 3 
1. Introduction 

A 2 + 1 dimensional topological quantum field theory (TQFT) with Lagrangian 
the nonabelian Chern-Simons invariant of connections was introduced by Witten 
several years ago [Wil]. It was shown that this theory generates invariants of 
framed oriented links in arbitrary 3-manifolds. It also leads to topological in- 
variants of closed oriented 3-manifolds endowed with a 2-framing [A3|. Witten's 



approach | Wil | to defining these invariants is based on Feynman's path integral, 
results from two-dimensional conformal field theory and the axioms of TQFT for- 
mulated in |A1|. A mathematically rigorous derivation of Witten's 3-manifold 



invariants is given in [|tlT| , [Wci| ]. Moreover, Walker [Wa] gives a complete construc- 
tion of the SU{2) Chern-Simons theory, proving that it satisfies the axioms of a 
TQFT. A simpler model of a 2 + 1 dimensional TQFT is the Chern-Simons theory 
with finite gauge group treated in full detail in PQ| . 

In line with the above mentioned developments relating to the Chern-Simons 
gauge theory, this paper presents a construction of the abelian Chern-Simons the- 
ory as a 2 + 1 dimensional TQFT. Given the group T of complex numbers of 
unit modulus and an (even) integer k, called the level, we aim to associate to 
every closed oriented 2-dimensional manifold T, a finite dimensional vector space 
7^(5]) and to every compact oriented 3-manifold X a vector Zx in the vector space 
Ti.{dX) functorially associated to the boundary dX of X. 

The first assignment, S 7i(Y,), results from the geometric quantization of 
the moduli space Als of flat T-connections on S, having in view that A^s is 
identified to the symplectic torus R)/i/"'^(S; Z) with standard symplectic 

form ujj]. There are various models for the quantization of A4e according to 
the type of polarization one chooses on this space. The holomorphic (Kahler) 
quantization of Als is discussed in [ ADW| , [A^ , ^], where it is shown that the vector 
spaces constructed for various choices of complex structures on TWs are projectively 
identified. In this paper we choose to quantize M-£ by using real polarizations. To 
each rational Lagrangian subspace L in H^{T,; M), i.e. a Lagrangian subspace with 
the property that L n H^{T,;7j) generates L as a vector space, there corresponds 
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an invariant real polarization Vl of the torus My, — H^(T,;M.)/H^(T,;Z). The 
quantization of My, at level k, in this real polarization constructs a fc^-dimensional 
inner product space TiiTi^L), where g denotes the genus of S. The quantization 



of symplectic tori in a real polarization is discussed in detail in |Ma| and the 
results obtained there are directly applicable to the case of the moduli space My- 



According to the results from [Ma|, the vector spaces associated to S and different 
choices of rational Lagrangian subspaces in M) are all projectively identified, 

similarly to the holomorphic quantization case. The projective factor, an 8-th 
root of unity, is expressible in terms of the Maslov-Kashiwara index r(-, •, •) of a 
triple of Lagrangian subspaces of i7^(S;M). More precisely, for any two rational 
Lagrangian subspaces Li,L2 C there is a canonically defined unitary 

operator F^^Li '■ 'H{T,,Li) — > 7^(S,L2); if L3 is another such Lagrangian subspace 
in i?^(S;]R), then the unitary operators relating the vector spaces corresponding 
to Ti and each of these Lagrangian subspaces satisfy the composition law: F^-^l^ o 
FL3L2 °Fl2Li ~ e~T'^(^i'^2,i3) J j^iiQ idea of using real polarizations in quantizing 
the moduli space My and the method of construction of the vector space Ti{T,, L) 
was inspired by [|JW[, where, in the context of the nonabelian Chern-Simons theory, 



the authors address the problem of quantizing the moduli space of flat SU{2) 
connections on a closed oriented 2-manifold in a particular real polarization of 
that space. 

For the second assignment, X — Zx, we start from the known fact that, for X 
a compact oriented 3-manifold with boundary, the image of the restriction map 
H^{X\M}j —>■ {{^{dX-jM.) defines a Lagrangian subspace Lx in the symplectic vec- 
tor space {H^{dX;W),ujgx)- Then we provide a canonical construction which 
defines Zx as an element of the vector space ^{{dX, Lx) associated to the closed 
2-manifold dX and the rational Lagrangian subspace Lx- The construction of 
Zx relies on geometric quantization ideas. Following the Chern-Simons line con- 
struction exposed in ||^], we introduce a prequantum line bundle Cgx over the 
moduli space of flat connections Mgx- The line bundle Cqx carries a natural 
connection with curvature the symplectic form kujQx- The rational Lagrangian 
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subspace Lx C H^{dX;M.) defines an invariant real polarization on Mgx- One 
of the leaves of this polarization is the image Ax in A4gx of the moduli space 
Aix of flat T-connections on X under the map rx ■ -Mx -Mqx determined by 
restricting connections on X to the boundary dX. We show that the leave Ax 
is a Bohr-Sommerfeld leave, that is, the restriction of the line bundle Cqx to Ax 
admits nonzero covariantly constant global sections. The vector Zx is defined as 
a section of the line bundle Cgx \ times a section of the bundle of half-densities 
on Ax- The former section is defined in terms of the Chern-Simons functional of 
flat connections on X and the latter in terms of the Reidemeister torsion invariant 
of the 3-manifold X. For X a closed manifold the construction gives for Zx a 
complex number. The definition of Zx, that is, finding the appropriate ingredi- 
ents which should enter into this definition, was inspired in part by the results for 



the nonabelian Chern-Simons theory from |J"VV[| , as well as by the path integral 
formulation of the closed 3-manifold SU{2) invariant given in [ pG| , |Wil ]. 

We find that a natural way to incorporate the assignments T, and 
X — > Zx, defined as outlined above, into a TQFT is to make use of the category 
of extended 2- and 3- manifolds introduced by Walker in his treatment |Wa] of 
the nonabelian Chern-Simons theory. In this paper an extended 2-manifold is 
a pair with T, a closed oriented 2-manifold and L a rational Lagrangian 

subspace in if^(S;R). An extended 3-manifold is a triple {X,L,n), with X a 
compact oriented 3-manifold, L a rational Lagrangian subspace in H^{dX;M.) and 
n G Z/8Z. Then the theory assigns to (S, L) the finite dimensional inner product 
space Tl{T,,L) and to {X,L,n) the vector ^(x,L,n) = ^~^FlLx{^x) belonging to 
the vector space Ti.{dX, L). We prove that these assignments satisfy the axioms 



[Al] of a unitary TQFT, that is, the functoriality, orientation, disjoint union and 
gluing properties. 

This paper is organized as follows. In Sect.^ we review some fairly standard 
material on the moduli space of flat T-connections. We outline properties of this 
moduli space, essential to the constructions of the subsequent sections, for the 
cases when connections are on 2- and 3-dimensional manifolds. In Sect.^we recall 
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first the definitions of induced principal bundles and induced connections. Then 
we introduce the Chern-Simons functional of T-connections on a 3-manifold with 
and without boundary and present properties of this functional which are relevant 
for the sections to follow. In Sect.^ we give the construction of the prequantum line 
bundle over the moduli space of flat T-connections on a closed 2-manifold. Then 
we show that, if X is a 3-manifold with boundary, the pullback of the prequantum 
line bundle Cqx over Mdx to Mx has a covariantly constant section defined in 
terms of the Chern-Simons functional. The constructions of this section are based 
almost entirely on the material in ([^,§2). Sect.^ defines the quantum theory. 
We construct the finite dimensional Hilbert space 7^(2, L) associated to a closed 
oriented 2-manifold S and a rational Lagrangian subspace L C //^(S;M). Then, 
for a compact oriented 3-manifold X, we construct the vector Zx belonging the 
Hilbert space TL{dX, Lx)- Sect.^ contains the definition of the abelian Chern- 
Simons TQFT. Following | |Wa| we introduce the notions of extended 2- and 3- 
manifolds, extended morphisms and gluing of extended 3-manifolds. Using the 
results of Sect. |5|, we define then a 2 + 1 dimensional TQFT based on this category 
of extended manifolds and prove that it satisfies the required axioms. Sect.|^ relates 
the definition of the vector Zx associated to the 3-manifold X, given in Sect.^, 
to results obtained from the path integral approach to the Chern-Simons gauge 
theory. 

Throughout this paper manifolds, bundles, sections, maps are assumed smooth. 



2. The moduli space of flat T-connections 

2.1. The space of T-connections. Let M be a smooth manifold. The space 
Qm = Map(M, T) forms a group under pointwise multiplication. Qm is the group 
of gauge transformations on M. The space of components tto{Gm) is isomorphic 
to H^{M; Z) |AB|. For any principal T-bundle tt : P ^ M, the group Qm can be 



identified with the group Qp = Aut(P) of bundle automorphisms of P, that is, the 
group of T-equivariant maps (j) : P ^ P covering the identity on M. An element 
u of Qm defines a bundle map 0^ : P ^ P by (j){p) = p ■ u{-k(p)) and, conversely. 
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an automorphism (f) : P ^ P defines a map : M ^T. We call Qp the group of 
gauge transformations of P. 

Let Am denote the space of T-connections on M. An element in Am is a 
connection on a principal T-bundle P —)■ M. Thus Am is equal to the union 

Am = \_\Ap 

p 

over all principal T-bundles P on M. For each bundle P the space Ap of connec- 
tions on P is an affine space with vector space 27ri il^(M; M), where $7^(M;M) is 
the space of 1-forms on M (the Lie algebra of T is identified with 27ri M) . 

A bundle isomorphism between two principal T-bundles P and P' over M is a 
T-equi variant map (f) : P' ^ P which covers the identity on M. Two elements 6 
and G' in Am are called gauge equivalent if there exists an isomorphism (j) : P' ^ P 
such that 0' = (?!>*6, that is, the connection 6' on P' is the pullback under (f) of 
the connection 6 on P. This defines an equivalence relation 0' ~ B on Am- We 
let Am I ~ denote the space of gauge equivalence classes of T-connections on M. 

For each T-bundle P there is a right-action of Qm on the space of connections 
Ap. If ?i : M — > T is an clement of Qm with associated bundle automorphism 
(pu '■ P ^ P, the action of ti on 6 G v4p is described by 

(2.1) @-u = 4>ie = @ + {u- -Kf-d , 

where i? is the Maurer-Cartan form of T, that is, ^ generates iJ^(T;Z) C 
H\T;R). 

A principal T-bundle P ^ M has fiat connections if and only if ci(P) G 
Torsi?^(M;Z), that is, its first Chern class is a torsion class. The subspace 
A{^ C Am of fiat T-connections on M is given by the union 

p 

ci(P)eTorsi/2(M;Z) 

where Ap is the space of connections 6 on P with curvature Fq = d& = 0. For 
each T-bundle P with first Chern class torsion, the moduli space of flat connections 
on P is the quotient space Mp = Ap/Qp. 
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If P and P' are T-bundles over M with ci(P) = ci(P') G Tom H^{M]'L), 
then there is a canonical isomorphism A^p = A^p/. To see this choose a bun- 
dle isomorphism (j) : P' ^ P. The bundle map (p determines an isomorphism 
(f)* : Ap ^ Ap' given by the pullback of a connection B in ^p to a connection 
(j)*Q in ^p'. The map (p* pushes down to an isomorphism between the quotients by 
the groups of gauge transformations (p* : Ap/Qp Api jQpi . The induced isomor- 
phism ApjQp = Ap'/Qp' does not depend on the choice of bundle isomorphism 
(p: P' ^ P. 

For each torsion class p G Torsif^(M;Z) let 



A^ - \ \ A^ 

P 

ci(P)=p 



The space Mm,p = -^Mp/ ~ moduli space of flat connections on principal 

T-bundles over M with first Chern class equal to p. For any principal T-bundle 
P ^ M with ci(P) = p, there is a natural isomorphism M m,p — Mp. The moduli 
space M.M = ■^^m/ ^ gauge equivalence classes of flat T-connections on M is 
equal to the disjoint union 

Mm = LI Mm,p 

peTorsJf"2(M;Z) 

and we have 

Proposition 2.2. Let M he a smooth manifold, 
(i) There is a natural identification 

Mm = H\M;T) 

(a) 7ro(7WA/) — Tors i7^(M;Z) and each connected component of Mm is diffeo- 
morphic to the torus H^{M;R)/H^{M;Z). 

Proof. The first assertion is a consequence of a standard result in the theory of 



connections ([KN], ch.II) which provides the natural identification 

A^M = nHom(7ri(M„,*),T), 



ABELIAN CHERN-SIMONS THEORY 9 

where the index a labels the connected components of M. The relation be- 
tween vTi and the first homology group then gives (i). For (ii), consider the exact 
sequence of groups 

— >Z — >R > T — > 1 

exp 27ri(-) 

and the induced exact cohomology sequence 
0-^ (M; Z) {M- R) ^ 

(2.3) 

^ H^{M]f) H'^{M;Z) ^ H'^{M;R) ^ ■■■ 

All the maps in the above sequence are group homomorphisms and Im 5 = Ker i = 
{p \ P ^ Tors i7^(M; Z)}. Thus, for each torsion class p in H'^{M;Z), we have 
Mm,p = S-\p) = 5-\0) ^ H\M;R)/H^M;Z). □ 



2.2. The moduli space of flat T-connections on a 2-manifold. Let S be a 

closed oriented 2-dimensional manifold. We note that a principal T-bundle Q ^ S 
has flat connections if and only if ci{Q) = 0, that is, the bundle Q is trivializable. 
For S the exact sequence ( p.3[ ) splits to 

— > H'^{^]Z) — > H\T.;R) — > ff^(S;T) — > 

Thus the moduli space of flat T-connections on E is the torus 

Ais carries a natural symplectic structure. The space H^{Y!,;W) is a symplectic 
vector space with symplectic form defined by cup product followed by evalua- 
tion on the fundamental cycle, or in de Rham cohomology by 

^s(H,[/3]) = JaA(3, [a],[P] e H\j:;R) . 
s 

The integer lattice H^{T,;Z) C H^{T,;R) is self-dual with respect to we. The 
symplectic form ujy; on H^{T,;R) descends to a symplectic form on the quotient 



10 MIHAELA MANOLIU 

torus Ms = H^{T,;R)/H'^{T,;Z). We note that since the tangent space TM^ is 
identified with 27riii"^(S; M) we have 

(2.4) a;E([7?], [??']) = I^At)', 

s 

for any [?)], [f]'] € T^A■£. Moreover, is normalized so that it gives A^s total 
volume equal to 1, that is, 




where g = ^ dimiJ-'^(S; M). If — S denotes the manifold S with the opposite ori- 
entation then by E;M) we understand the symplectic vector space iJ^(i;;M) 
with symplectic form —u-£. 



2.3. The moduli space of fiat T-connections on a 3-manifold. Let X be a 

compact oriented 3-manifold with boundary dX ^ 0. The restriction of a connec- 
tion over X to the boundary dX induces a map rx '■ M.x Mqx from the moduli 
space of fiat T-connections on X into the moduli space of flat T-connections on 
dX. In view of the identifications Mx = H^{X;T) and Mgx = H^{dX;T), the 
moduli spaces Mx and Mdx are compact abelian Lie groups and the restriction 
map rx is a group homomorphism. We have 

Proposition 2.5. (i) The image Ax = Im{rx : Mx Mgx} is a Lagrangian 
submanifold of the symplectic torus {MdXj^dx)- 

(a) rx '■ Mx — ^ Ax is a principal fibre bundle with structure group a compact 
abelian Lie group H which fits into the exact sequence 

1 — ,ji — ,H — > TorsH'^{X; Z) — ^ 



with q = dim H\X, dX -^R) - dim H^{dX-R) + dim H^{X;R)- dim H^{X,dX;R). 
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Proof. There is a long exact cohomology sequence ( pr| ,ch.V) associated to the 
pair of spaces dX C X 



(2.6) 

>H'{X,dX-G) H\X-G) H\dX-G) W+\X,dX;G) ^ ••• , 

where G = Z, M or T. At the same time the exact sequence of abehan groups 
O^Z^M^T— >1 induces the long exact cohomology sequence ([pr|, ch.V) 

(2.7) > W{A;Z) — > H''{A;R) — > H\A;T) — > W+'^{A;Z) — >■■■ , 

where A stands for either the space dX or X, or (X,dX) for the relative coho- 
mology. The above exact sequences fit into a commutative diagram: 



\- -i- ■!■ 

> H^{X,dX;Z) — > H\X;Z) — > H\dX;Z) — 

\- \' \- 

> H^{X,dX;R) — > H'^{X;R) ^ H^{dX;R) — 

> H^{X,dX]T) — > H^{X;T) ^ H^{dX;T) — >■■■ 

> H^{X,dX;Z) — > H^{X;Z) — > H^{dX;Z) — >■■■ 

where all the maps are group homomorphisms. The differentiable and group struc- 
ture of T make 

1 ^ H^{X, dX; T) ^ H^iX; T) ^ H^{dX; T) ^ 

^^•^^ H\X,dX;T) ^ H\X;T) ^ Ax ^1 

n 

an exact sequence of homomorphisms of compact abelian Lie groups. Ax is a 
compact subgroup and, therefore, a submanifold of A4gx = H^{dX]T). The 
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relevant part of the sequence (2/7) for A = {X, dX) is 



> H^{X, dX; T) ^ H^{X, dX; %) aX; M) ^ ■ • • 

which impUes that 7ro(FHX, (9X; T)) ^ Tors ^^(x, aX; Z). The universal coeffi- 
cient theorem (U.C.T.) (|pr[,ch.V) together with Poincare duality (P-D.) give the 
isomorphisms 

(2.9) Torsi?2(X,(9X;Z) ^ Tors Fi(X, (9X; Z) ^ Torsi?^(X;Z) 

(U.C.T.) (P.D.) 



Thus (ii) follows from ( |2.8D and ( |2.9D . To prove (i), first recall that the tangent 
spaces to M.x and -Max ai"e identified with the corresponding real cohomology 
groups by TMx = 2T:iH^{X-m.) and TMax = 27rii?^(aX; M). The differential 
fx of rx maps TJ^x onto TAx C TAdgx and we have 

c^ax(rx[e],rx[e']) = / ^x(e)Arx(e') 

ex 

= j = 0, for any [G], [6'] G TA^x . 



X 



Since a;ax|^^^= 0, Ax is an isotropic submanifold of M-dx- The exact sequence 



( ^ for G = R and the Poincare duality isomorphism H^-\X; M) ^ Hi{X, dX; 
give the commutative diagram (pr|,ch.VI): 

H\X;]^) H^{dX;R) > H'^{X,dX;R) 



H2{X,dX;R) > Hi{dX;R) — ^ Hi{X;R) 

where j and fx are adjoint maps. Therefore dimlmrx = dimH^{dX;R) — 
dimKerj. Combining this with the exact sequence condition Imrx = Kerj, we 
find that dimlmrx = ^ dimH^{dX;R). Therefore 

Lx = lm{fx ■■ H\X;R) — > H^{dX;] 



is a Lagrangian subspace of H^{dX;R) and Ax a Lagrangian submanifold of 
{Mox,(^dx)- □ 
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3. The Chern-Simons functional 

3.1. Induced principal bundles and induced connections. Consider the 
group SU{2) of complex 2x2 unitary matrices of determinant equal to 1. A 
maximal torus in SU{2) is isomorphic to the group T of complex numbers of unit 
modulus. We let 



be the inclusion homomorphism from the circle group T into SU{2). The corre- 
sponding inclusion of the Lie algebra LieT = 27riR into the Lie algebra su(2) of 
traceless skew-hermitian 2x2 complex matrices is 

: LieT su(2) 



a 



Let Ad denote the adjoint action of SU (2) on its Lie algebra and let denote the 
Maurer-Cartan form of SU{2). On the Lie algebra 0u(2) we choose the symmetric 
^d-invariant bilinear form 

: su(2) X su(2) — > R 

The bilinear form (•,•)'' is normalized so that the closed 3- form A ["i?, ■i?])'' repre- 
sents an integral cohomology class in H'^ {SU {2);M) . The commutator [•, •] of two 
su(2)-valued forms is defined by taking the wedge product of forms and the natural 
Lie bracket in the su(2) Lie algebra. The bilinear form (•, •)'' on su(2) restricts to 
a symmetric bilinear form (•, •) on LieT: 

(•, •) : LieT x LieT — > R 

{a, 13) I — ^(a,/3) = {p^a,p^f3)^ = 
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As in the previous section we let ?? denote the Maurer-Cartan form on T and note 
that = 

Let M be a smooth manifold and consider a principal T-bundle tt : P — > M. We 
can use the inclusion homoniorphism p : T ^ SU (2) to extend the T-bundle P 
on M to a S'?7(2)-bundlc P on M. The induced SU (2)-bundle P is defined as the 
quotient of P x SU (2) by the right T-action given by {p, a) ■ X = {p ■ X, p{X)~^a), 
for any A G T and {p,a) £ P x SU{2). Let [p,a] = {p,a) ■ T denote the T-orbit 
through the point {p, a). The natural right S'[/(2)-action on P x SU (2), {p, a) -a' = 
{p,aa'), commutes with the T-action and passes therefore to the quotient P = 
P XtSU{2) = (P X SU{2))/T. Hence, tt : P ^ M with projection 7r([p, a]) = 7r(p) 
is a principal SU (2)-bundle. We have a natural morphism of principal bundles 

pp:P^P 
pi — [p, e] 

covering the identity map on M. 

For any connection Q on the T-bundle P there is an induced connection Q 
on the SU (2)-bundle P. The latter is determined by the su(2)-valued 1-form on 
P X SU{2): 

(3.1) e(p,a) = Ada-i{p*prl%) + prl^a, 

where pn : P x SU{2) P and pr2 : P x SU{2) SU{2) are the natural 
projections. One can easily prove that O is invariant under the T-action and 
vanishes along the T-orbits in P x SU{2). Thus @ pushes down to a su(2)-valued 
1-form on P = P Xf SU{2) and defines a connection on P. The puUback of @ 
under the bundle map pp : P ^ P is 

PpQ = p*6 . 

Similarly, the curvature forms Pe = dQ and Fq = dQ + ^[0,@] are related by 

PpPg, = P*^e> ■ 
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3.2. The Chern-Simons functional for a closed 3-manifold. Let X be a 

closed oriented 3-manifold. As previously shown, for any principal T-bundle P — > 
X there is an induced S'?7(2)-bundle P = P SU{2) X and for any T- 
connection on P an induced S'C/(2)-connection B on P. Now, any principal 
S'f/(2)-bundle over a manifold of dimension < 3 is trivializable. Thus P admits a 
global section and we have: 

Definition 3.2. The Chern-Simons functional of a T-connection B on P — > X is 
defined by 



Sj^p(e) = j s*a{Q) (modi). 



X 

where q(6) E il'^(P; M) is the Chern-Simons form of the induced S'C/(2)-connection 
G on P = P xj SU{2), 

a(e) = (GAP0)^-^(eA[e,G])^ 

and s : X ^ P is a global section of the S'?7(2)-bundle P. 

We need to show that the definition of 5'x,p(G) does not depend on the choice 
of section s : X — > P. This is a consequence of the following property of the SU{2) 
Chern-Simons form a(G): 

Proposition 3.3. If s,Si : X ^ P are two sections of the SU{2)-hundle P over 
X, then 

j sla{@) = j s*a(G) + j d{Ada-i s*G A a*^)^ - j^a*0A , 

XXX X 
where a : X ^ SU{2) is the map defined by si{x) = s{x) ■ a{x), for any x E X. 

Proof. The expression follows after basic computations from the standard relation 
s\e = Ad^-i{se) + a*^. □ 

On the right-hand side of the equation in (3.3), the second integral vanishes by 



Stokes theorem and the assumption dX = 0, while the last integral is an integer 
due to the normalization of the bilinear form (•,•)'' on su(2). This proves that 
Sx,pi&) is well-defined. 
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Remark 3.4. If the bundle P — > X is trivializable, then let s : X — > P be a 
section and take s : X ^ P to he s = pp o s. Then we have 

s*a{®) = sVpa(e) = s*{p*p@ A p*pF^)^ - ^s*{p*p@ A [p*p@ , p*p@])^ 

= s*{p,eAp,FQ)^ = s*{QAFe) 

and the Chern-Simons functional has as expected the expression 
(3.5) .Sx,p(e) = y"s*(eAPe) (modi) 

X 

Theorem 3.6. The Chem-Simons functional Sx,p '■ Ap R/Z defined for a 
closed oriented 3-manifold X and a principal T -bundle P ^ X has the following 
properties: 

(a) Functoriality 

If (f) : P' ^ P is a morphism of principal T-bundles covering an orientation 
preserving diffeomorphism ^ : X' ^ X and if G is a connection on P, then 

Sx',P'{ct>*@) = SxA®) 

(b) Orientation 

If —X denotes the manifold X with the opposite orientation, then 

5_x,p(e) = -Sx,p{®) 

(c) Disjoint union 

Let X he the disjoint union X = Xi U X2 and P = Pi U P2 a principal T-bundle 
over X. If @i are connections on Pi Xi, then 

'S'xiuX2,PiuP2(0i U G2) = S'xi,Pi(6i) + S'j!s:2,P2(02) 

Proof, (a) To the principal T-bundles P and P' there correspond the induced 
S'C/(2)-bundles P = P Xt SU{2) and P' = P' Xt SU{2), respectively. The mor- 
phism of T-bundles (f) : P' ^ P induces a morphism of SU (2)-bundles (f> : P' ^ P 



/■ 
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covering 4> \ X' ^ X. It is defined by 0([p',a]) = [(/)(p'),a]. For any section 
s' : X' ^ P' we have a section s = (f)o s' o cj)^^ : X — > P. Then we get 

5x,p(e) = y s*a(G) (mod 1) = j {^-^)* s'* 4>* a{e) (modi) 

X X 

s'*a{4>*e) (mod 1) = 5x',p'(0*0) 

The last equahty follows from the definition ( ^.2| ) and the fact that 4>*Q is the 
S'f/(2)-connection on P' induced from the T-connection (f)*Q on P', as can be seen 
from the relation 

0*0(p,a) = ^4-1 P*{(i>* Prl Qp) + 4>* Prl 
= Ad^^i p*{prl 0*Gp) + prl da ■ 

(b) is a direct consequence of the definition of integration of differential forms on 
oriented manifolds. 

(c) Let = 01 U 02 be the extension of the T-connection = 0i U 02 on 
P = Pi U P2 to a S'C/(2)-connection on the induced 5?7(2)-bundle P = A U P2, 
where Pj = Pj xx SU (2). Take sections Sj : — > Pj and let s = si U S2 : X ^ P. 
Then we have 

Sx,p{^) = j s*a{Q) (mod ^) = j sla{Qi) + j slaiQi) (mod 1) 

X Xi X2 

= Sxi,Pii&l) + Sx2,P2i®2) 



□ 



As a particular case of (|3.6| (a)) we have: 



Proposition 3.7. The functional Sx,p '■ Ap R/Z for a closed 3-manifold X is 
invariant under the group of gauge transformations, that is, 

Sx,p{&-u) = Sx,p{&), 

for any u G Qx- Hence Sx,p descends to a functional on the quotient space Ap/Qp 
of gauge equivalence classes of connections on P. 

We also have the property: 
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Proposition 3.8. The stationary points of the functional Sx.p '■ -^p M/Z are 
the fiat connections, that is, dSx,p{&) = if and only if Fq = dQ = 0. 

Proof. Since Ap is an affine space, it suffices to consider the variation of Sx,p 
along lines 0j = + tw, t £ M, with to € 27rir2^(X; M). According to Lemma 
( |3.18| ) and since dX = 0, we have 

SxA^t) = SxA®) + 2i j{Fe Auj)+t'^ j {u A du) (mod 1). 

X X 

Thus ^ |^^Q5'x,p(0t) = 2/ (-Fe Aw) which proves the proposition. □ 

X 



3.3. The Chern-Simons functional for a 3-manifold with boundary. Let 

X be a compact oriented 3-manifold with dX ^ 0. Let P ^ X be a T-bundle with 
first Chern class torsion. Then the T-bundle dP dX obtained by restricting P 
to the boundary dX is trivializable. As before, we consider the induced SU{2)- 
bundle P = P Xj SU{2) on X and the bundle morphism pp : P ^ P. For any 
section s : dX — > dP, we obtain a section pp o s : dX dP of the restriction of 
the 5C/(2)-bundle P to dX. Since the group SU{2) has 7ro(5C/(2)) = 7ri(SC/(2)) = 
TT2{SU{2)) = 0, we can extend the section pp o s over dX to a global section 
s : X ^ P. We make the following definition. 

Definition 3.9. The Chern-Simons functional of a T-connection Q on P ^ X 
and a section s : dX dP is defined by 

5x,p(s,0) = J s*a{e) (modi), 

X 

where a{Q) is the Chern-Simons form of the induced 5'C/(2)-connection on the 
bundle P = P XjSU{2). 

We have to check that the definition of Sx,pis, 0) does not depend on the choice 
of extension s of the section pp o s : dX dP. So let si : X ^ P be another 
extension. Then there is a map a : X ^ SU(2) such that si{x) = s{x) ■ a{x) and 
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a(x) = e, for all x G dX, where e denotes the identity element in SU{2). From 
(P) we get 



(3.10) J slaiQ)- J s*a(e) = J {Ada~is*e A a*^y - J - a* A [d , ^]) 

X X dX X 

That Sx,p{s-,Q) is well-defined by (|3.9| ) follows now from the fact that, since 
^\dx ~ ^' ^'^^^ integral on the r.h.s of ( p. 10 ) vanishes and the second term is 



an integer. To justify the last assertion we note the following: 

Remark 3.11. For each a : X ^ SU{2), let W{a) denote the functional 

Waxia) = - l^a^SAiSJ])^ 
X 

Then, following the argument in (^], §2), we let X' be a compact oriented 3- 
manifold with dX' = dX and a' : X' ^ SU{2) a map such that = 
X = X U {—X') be the closed 3-manifold obtained by gluing X and X' along their 
common boundary. The maps a and a' patch together into a map d : X ^ SU (2) 
and we have 

(3.12) Waxia) -Wax' {a') = - j^d*0A[^J])^ G Z 

X 

Since X is closed the r.h.s. is an integer due to the normalization of (•, •)''. Thus 
Waxia) depends modulo integers only on the restriction of a : X — > SU (2) to dX. 

If a|gj5^ = e, we can choose a' : X' — > S'C/(2) with = o^lgx constant 

map a'ix') = e for all x' G X'. Then Wax'ia') = and therefore Waxia) G Z. 



Remark 3.13. As in (|3.5| ), if P — > X is a trivializable T-bundle and s : X P 
a global section, then for any connection on P the Chern-Simons functional 
Sx,pis, 6) is given by the expression 

(3.14) Sx,pis,e) = Js*{eAFe) (modi) 

x 

The following proposition describes the dependence of the Chern-Simons func- 
tional Sx,pis, 6) on the section s : dX —i- dP. 
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Proposition 3.15. Let s,si : dX — > dP he two sections of the restriction of the 
T-bundle P ^ X to dX and let Q he a connection on P. Then 

SxAsi , 0) = SxAs, 0) + y (s*0 A A*i9) (mod 1) , 

dX 

where A : dX T is the map defined hy si(x) = s(x) • A(x), for all x G dX. 

Proof. The sections pp o s, ppo si : dX dP extend to sections ■§, si : X — s- P of 
the induced 5C/(2)-bundle P = P xt SU{2). The map a : X ^ SU{2) defined by 
si{x) = s{x) ■ a{x), for any x € X, restricts to = p o \ over the boundary of 

X. The difference Sx,p{si,@) — Sx,pis,@) is given by an expression identical to 
the r.h.s. of the equation ( |3.10| ). The second term Wgxia) is also in this case an 
integer. To see that choose in ( p. 121 ) a 3-manifold X' with dX' = dX, for which 
the map X:dX^T extends to a map X' : X' ^ T. Let a' = poX' : X' ^ SU{2). 
Then, since p*i} = we get that 

Wax' {a') = - J ^a'*{d A[SJ])^ = - J ^X'*{^ A i?]) = 

X' X' 

Thus ( p.l2 ) implies that Wqx{cl) G Z. The first term on the r.h.s. of ( |3.10| ) gives 



dx 



{Ad^-is*e Aa*^y = J (Ad^poX)-^ s*p*pe AX*p*^Y 
dX dX 

{p, {Adx-is*e) A p, {X*i9))^ 

(s*e A A*T?) 

dX 

which proves the proposition. □ 
Similarly to Theorem (J^^ we have 

Theorem 3.16. The Chern-Simons functional Sx,p{',-), defined for a compact 
oriented 3-manifold X with nonempty houndary and a principal T-hundle P — > X 
with first Chern class torsion, has the following properties: 
(a) Functoriality 

Let (p : P' ^ P he a morphism of principal T-hundles covering an orientation 
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preserving dijfeomorphism : X' — > X. If Q is a connection on P and s' : dX' 
dP' a section of P' over the boundary of X' , then 

where d(p ■ dP' dP and d(j) : dX' dX are restrictions to the boundary. 

(b) Orientation 

If —X denotes the manifold X with the opposite orientation and s : dX dP, 
then 

s.xAs, 0) = -SxAs, 0) 

(c) Disjoint union 

Let X be the disjoint union X = Xi U X2 and P = PiU P2 a principal T-bundle 
over X with first Chern class torsion. If 0j are connections on Pi — > Xi and 
Si : dXi dPi sections over the boundary, then 

5'XiUX2,PiUP2(si U S2,01 U 62) = 5'xi,Pi(si,0l) + 5'X2,P2(S2,02) 

Proof, (a) Let P = P SU{2) and P' = P' xj SU{2) be the induced SU{2)- 
bundles, cp : P' ^ P the induced bundle map and B the induced connection on 
P. The sections s' : dX' — > dP' and s = dcj) o s' o dcj)"^ : dX dP determine 
sections ppi o s' : dX' — > dP' and pp o s : dX dP. Let s' : X' — > P' be an 
extension of ppi o s' . Then, using the fact that (j) ° Pp' = Pp ° (t'-, we can show that 
s = cfios' ocj)^^ : X ^ P is an extension of ppos. Moreover, the SC/(2)-connection 
on P' induced from the T-connection (f)*@ on P' is (j)*Q. Applying the definition 
( |3^ we get 

SxAs,Q) = j s*a{e) (mod 1) = j {^-^)*s'*^*a{e) (modi) 

X X 

= j s'*a{^*e) (modi) = Sx',p'{s',(p*e) 



X' 



(b) and (c) are obvious. □ 
As a consequence of ( 3.16| ) and ( |3.15| ) we have: 
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Proposition 3.17. The functional Sx,p{-,-) changes under the group of gauge 
transformations as 

Sx,pis, e-u) = Sx,p{s, ®) + J A u*^) (mod 1) , 

dx 

for any u G Gx = Map{X, T). 

Proof. Let (pu '■ P ^ P denote the bundle automorphism determined by u. Then 



SxAs, Q-u) = 5x,p(s, </.:e) = Sx,pid<Pu o s, e) (by(|3l^(a)) 

= Sx,pis,e) + J {s*e Au*^) (modi) (by(|3l^) 
ax 

□ 

We also note the following lemma: 

Lemma 3.18. Let X be a compact oriented 3-manifold and P ^ X a T -bundle 
with first Chern class torsion. If Q and 0' are connections on P and s : dX dP 
a section over the boundary of X , then 



Sx,p{s,Q')-Sx,p{s,Q) = - j s*{QAoj) 



ax 

+ 2 j {Fe Auj) + j ^ duj) (mod 1) , 
X X 

where u) = Q' — Q. 

Proof. Let and 0' be the S'C/(2)-connections on P = P xj SU{2) induced from 
the T-connections and 0' on P. It follows from (|3.l| ) that the su(2)-valued 
1-form a) = 0' — on P is related to to by 

(3.19) W[p,a] = Ada-i{p^prlu}p) . 



and p*pUJ = p*p{Q' — 0) = p*(0' — 0) = p^o;. Routine algebraic computations 
give us for the difference of the Chern-Simons forms of the S'[/(2)-connections 0' 
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and G the expression: 

a(e') - a(e) = - d(e A cj)^ + 2{F^ A w)^ 

+ (c2;A(dw + [e,w]))^ + ^((2;A[(i,w])^ 

According to ( |3.19| ) the su(2)-valued 1-form lo comes from a LieT-valued form w, 
so we have [w,u)] = 0. Thus the above expression reduces to 

a(G') - a(G) = -d{e A cZ;)^ + 2{Fq A tj)^ + A dCo)^ 

The 3-forms (Fq A u))'' on P and (i<e A cj) on P are both hfts to P and P, re- 
spectively, of the same 3-form on X. The same statement apphes to the 3-forms 
{uj A du})^ on P and {u) A dw) on P. Letting s : X ^ P be the extension to X of 
the section pp o s : dX dP, we can write 



s*d(eAcu)' = y sv|,(eAcj)' = j s*(p,e Ap^w)' = y s*(eAu;) 

X dx ax ax 

Putting all these results together, we find that the difference 

5x,p(s,e') - 5x,p(s,e) = I s*aie') - j s*a{e) 

X X 

is given by the expression in ( f3.18 ). □ 



Lemma 3.20. Let Q be a connection on the T -bundle P — > X with ci(P) torsion 
and s : dX dP a section over the boundary of X. If u : X ^ T is an element 
ofGx, then 



{Fe A u*^) = J {s*Q A u*^) (mod 1) 
X ax 

Proof. The fact that the integral / {Fq A u*-d) depends modulo Z only on the 

X 

boundary data can be seen as follows. Let X' be a compact oriented 3-manifold 
with dX' = dX and such that the map u : dX T extends to a map u' : X' ^ T. 
Then glue the manifolds X and X' along their common boundary into the closed 
3-manifold X = X U {—X') and extend the connection dQ on dX to a connection 
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&' over X' . Let = U G' and let u : X ^ T denote the map with restrictions 
u\y = u and u\y, = u' . The integral 



(3.21) j (Fq a u*d) = J {F@A - J {Fq, A u'*'d) G Z , 

since and represent integral cohomology classes. Thus / (Fe Au*t?) depends 

X 

modulo Z only on the restrictions dQ and u\q^ to the boundary dX. To prove 
the lemma take 0' extending dQ over X' to be a connection on the trivial bundle 
tt' : P' = X' xT ^ X'. Then if s' : X' ^ P' is a section we have from (|]2l|) 



y" (Fe A u*§) = j {Fq, a u'*^) (mod 1) = y" s'*(de' A 7r'*u'*i9) (mod 1) 
X X' X' 

= j ds'*{Q' Att'*u'*^) (mod 1) = J {s'*Q' Au'*^) (modi) 
X' 

J (s*e An*t?) (r 



dX' 
(mod 1) , 



9X 

where s : (9X ^ dP is any section over the boundary. □ 

Proposition 3.22. Let P — > X be a T-bundle with first Chern class torsion. For 
any section s : dX dP the functional Sx,p{s, •) : Ap — > M/Z is invariant under 
the group Qx of gauge transformations, that is, 

Sx,p{s,e-u) = Sx,p{s,Q), 

for any u G Qx- Hence S'x,p(s, ■) descends to a functional on the moduli space 
A4p of flat connections on P. 



Proof. If is flat, then Lemma ( p. 20 ) gives 



j {s*eAu*^) = (mod 1) 
dX 



for any u G Gx- The proposition follows now from Prop. ( 3.17| ) together with the 



above result. □ 
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4. The prequantum line bundle 

4.1. The line bundle over the moduli space of flat connections. As shown 
in Sect.§ to each closed oriented 2-dimensional manifold S there corresponds the 
symplectic torus (A^s, "^s) of gauge equivalence classes of flat T-connections on S. 

Given a positive even integer k, we construct in this section a hermitian line 
bundle over A4-£ with a unitary connection with curvature —2Trikujj:,. In the 
language of geometric quantization such a line bundle is called a prequantum line 
bundle for the symplectic manifold {Ais, kujT,). The set of prequantum line bun- 
dles for {A4j], kujY:) is a principal homogeneous space for the cohomology group 
H^{A4j:;T). Since -ff^(A^s;T) is nontrivial, by general geometric quantization 
arguments the choice of the prequantum line bundle is not unique. However, the 
'Chern-Simons line construction' from ([^, §2), which we are going to apply here, 
singles out a prequantum line bundle Cs- 

Let Q — > S be a trivializable T-bundle over the closed oriented surface S. 
To each connection rj on Q we are going to associate a hermitian line by 
the following construction. Let T(T,;Q) stand for the space of sections of the 
line bundle Q ^ T,. Any two sections s,si G T{Y,;Q) are related by an element 
A : S — > T of the group of gauge transformations ^s, defined by si{x) = s{x)-X{x). 
Thus we let be the space of functions / : r(S; Q) — > C satisfying the relation 

(4.1) /(si) = /(s)cE(s*r?,A), 
where c-s{s*r], A) is the T- valued cocycle 

(4.2) cs : 27riO^(S;M) x — 



C2(a,A) = 




Cs satisfies the cocycle identity 



(4.3) 



cs(a, A1A2) = cs(a, Ai) cs(a + A*i9, A2) 



26 
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if and only if 



S 



for any Ai, A2 € Gj^. This imposes the restriction k E 2Z. Hence, for the remainder 
of this paper, we are going to assume that A; is a positive even integer. 

An element / G L,, is uniquely determined by its value at a single point 
s S r(S;(3). Therefore dime L,; = 1. We also note that a section s : S ^ Q 
determines a trivialization = C by mapping / 1— > /(s). The complex line 
L>ri has a hermitian inner product determined by the standard inner product of 



on Q, the lines fit together smoothly into a hermitian line bundle Cq — > Aq. 
Moreover, we have: 

Theorem 4.4. Let Ti be a closed oriented 2-manifold. The assignment 

for rj connections on trivializable T-bundles over T,, is smooth and satisfies: 
(a) Functoriality 

Let tp : Q' ^ Q be a morphism between trivializable T-bundles covering an ori- 
entation preserving dijjeomorphism : T,' ^ T, and let rj be a connection on Q. 
Then there is an induced isometry 



where ifj* f G L^*^ is defined by {ip*f){s') = f{ipos'o'ip~^), for any s' G T{Ti';Q'). 
(b) Orientation 

//— S denotes the manifold S with the opposite orientation, then there is a natural 




'V 




f 



rf 



isometry 
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(c) Disjoint union 

//S = S1US2 is a disjoint union andrji are connections on trivializable T -bundles 
over Sj, then there is a natural isometry 

Proof, (a) We have to check that ^p* f does indeed belong to the hne L^*^. So let 
A' : S' ^ T and let s', s[ £ r(i;'; Q') be sections related by s[{x') = s'{x') ■ A'(x'), 
for all x' € S'. Then {ip o s'^ o = [ip o s' o ■ A(x) at any x € S, 

where A = A'o^~-'^ :S— >T. Therefore we obtain 

irms'i) = fii^os'^oi,-^) 

= f{ip os'o ip-^) c^{{'4)-^)*s'*i^*'n, A) (by definition (O)) 



= {ip* f){s') CY,'{s'*{il)*'r]),\') (■0 is orientation preserving) 

(b) follows from the fact that the T-valued cocycle cs changes to the complex 
conjugate expression when the orientation of S is reversed. 

(c) r]i are connections on trivializable T-bundles Qi Sj. Let Sj : Sj — > Qi be 
some sections and Aj : ^ T gauge transformations and set s = ■S1US2, rj = r}i\Jrj2 
and A = Ai U A2. Then C2(s*r/, A) = CE^(sJr/i, Ai) ce2('S2^2! A2) and this induces 
the isometry 

where f{s) = /i(si)/2(s2), for any section s = si U 52- □ 

Each section s : S — > Q induces a trivialization of the line bundle Cq, given by 
the unitary section 

Js-Aq > Cq 

with 7s (r/) G defined, for each ry, by (7s(?y))(s) = 1- We define the connection 
V on Cq by 

(4.5) V7, = -27riA: 9s 7s , 
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where Og is the 1-form on Aq given by 

(4.6) {f^Jes\ = -\js*{^M^), 

s 

for any rj G Aq and ?) € TrjAq. 

Let = C \ {0} and let Cq Aq be the principal -bundle associated 
to vr : Cq Aq (the bundle Cq is obtained from Cq by removing the zero 
section). The connection form —Inika on Cq corresponding to V is defined by 
the expression 

(4.7) a = Tr*es-^Kpr*2'&, 

where <l>s : Cq — > Aq x C is the trivializing map defined by ^s(7s(f?)) = ivA) 
and pr2 ■ Aq x C — > C the natural projection. Obviously we have 7* a = ^s- 
li ip & Gq = Aut{Q), the new section ^ o s : T, ^ Q induces a new section 
: Aq ^ Cq related to 7^ by 

(4.8) 7i,os{r]) = cs(s*7?, A^)"Ss(??) , 

where : S ^ T is the map associated to ijj. The connection form 9^os is related 
to 9s by 

s s 

= (r)J^,), + l |(s*7)AA;^?) 
s 

Taking the differential of the cocycle cj]{s*r], X^) with respect to rj and using the 
above expression, we find that 

(ft \ - , J_ dcj:{s*r],X^) 

Together with ( |4.8| ) this implies that 



which shows that the definition ( [4.7[) of a does not depend on the choice of trivi- 
alization of Cq Aq. 
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Since 7^ is a unitary section and 9s is real, the connection V is compatible with 
the hermitian structure on Cq. The curvature of V is — 27rifca;s, where 

(4.9) ujJiM) = {des){^,f]') = - ji^^v) 

is the standard symplectic form on TAq = 2it\Q}-{Ti;M). 

It follows from ( |4.4] (a)) that the action of the group of gauge transformations 
Qq on Aq lifts to the line bundle Cq preserving the hermitian metric. The lift of 
Qq to Cq preserves also the connection V. To prove this we consider the induced 
action on sections of Cq — > Aq : 

{r-is){ii) = risir-'v)- 

A simple application of (a)) and the definition ( ^ ) gives that 

(4.10) V'* • 7s = l^^-^os ■ 

The action of Qq on Cq preserves V if 



Using ([4.5|), ( [4. 61) and ( |4.10 ), a routine check shows that the above equation is 
indeed satisfied. The t/g-action on Aq preserves the symplectic form co^. This 
follows from the fact that — 27riA;a;s is the curvature of V. 

Since the action of Qq on Aq is symplectic and lifts to the line bundle tt : 
Cq — > Aq preserving the hermitian metric and the connection V, there exists a 
moment map for this action. Following the general construction in we give 
below the explicit form of this moment map. The t/g-action associates to each 
element : S — > LieT in Lie^g real vector fields on Aq and on Cq, with 
TT^V^ = X^. The vector field preserves the connection form —lirika on Cq, i.e. 
the Lie derivative Ly^a = 0. Together with the fact that preserves the hermitian 
metric, this implies that the function fi^ on Aq, defined by /ig o vr = J (/ca), 
is real- valued and satisfies J (fccJs) + ^Ag = 0. The map fi : Aq (Lie^g)*, 
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r] 1-^ fi{r]) with (/u(ry))(^) = fi^{r]), is the moment map of the ^g-action on Aq. 
Using (0) we find: 

/ig o vr = J {ka) = V.J 7r*{k9s) - J^V^ J $*P^2^ 

zvri 

= J e^) o vr - J ijr2*i9 . 

A direct computation gives 



ry • e*^ = (if 



and 

J ($*pr2??) = [(pr2*$s*y^) J^]o pr2 o = -27riA:((iC J ^s) o vr . 
Therefore we obtain for the moment map the expression 



The preimage ^~^(0), which is t?Q-invariant, is the space Aq of flat connections. 
Hence the space A^g of equivalence classes of flat connections is the symplectic 
quotient Mq = Aq//Gq = fJ''^{0)/GQ- Since Gq preserves and ujj:{X^,r]) = 0, 
for any element ^ in Lie^g and any rj £ ^-^qi the symplectic form u)j^ on Aq 
pushes down to a symplectic form on A4q, which we continue to denote by ujj^. 

The group Gq does not act freely on Aq. However, the stabilizer at a point 
r] E Aq is the subgroup Z C Gq of constant gauge transformations Z = {A : S — > 
T I A = constant} = T and Z acts trivially on L^. Therefore the line bundle 
Cq Aq = /U^^(O) pushes down to a line bundle Cq -Mq. We have the 
identification 

(4.11) r{MQ;CQ) = Ti^Q-XQ^Q 

of the space of sections of Cq ^ Mq with the space of ^g-invariant sections of 
Cq Aq. The hermitian metric and connection on Cq also push down to Cq. 
A ^Q-invariant section 7 of Cq —>■ Aq satisfies Vx^"f = 0, for all ^ : S — > LieT. 
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Having in view the identification ( [4.11 ), the push-down connection V on the hne 
bundle Lq — tMq is defined by 

for any X G TAiq, where X € TAq is any vector which maps onto X under the 
quotient map ^^^(0) — > M.q. 

Remark 4.12. Let us assume for the moment that in constructing the hermitian 



hne bundle £q — > Aq we take the cocycle cs to have, instead of (O), the more 
general form 

Trifc / (q!AA*i?) 

cs(a,A) = es([A])e ^ 

where [A] denotes the homotopy class of the map A : S — > T. In order to satisfy 
the cocycle condition ([4.3D the T-valued multiplier es must have the property 



Trifc f (A*i9AA;i9) 

es([Ai][A2]) = eE([Ai])eE([A2])e ^ 



and k can be any integer. All what has been said up to this point, except (4.4 (a)). 



remains true. We get a hermitian line bundle over Aq with a unitary connection 
with curvature —2TTikujj] and the action of Qq lifts preserving the metric and the 
connection. The restriction of this line to Aq pushes down to a prequantum 
line bundle over Mq. The initial choice ( [4.2| ) for cg, in which is taken to be 
the trivial multiplier (which forces k to be even), is dictated by the requirement to 
satisfy also the functoriality property ( [4.4| (a)). This can be seen immediately if we 



follow the proof given for (4.4 (a)). Only for this choice do we get a prequantum 
line bundle over the moduli space A4j] for which there is a lift of the group of 
orientation preserving diffeomorphisms of S. We encountered the same situation 
in |Ma| in the quantization of symplectic tori, where a prequantum line bundle 
was picked out by the requirement to have a lift of the group of symmetries of 
the torus. In the present case the prequantum line bundle over A^s picked out by 
the above stated reasons is also closely connected to the Chern-Simons theory in 
3 dimensions. This connection will become clear later in this section. 



32 



MIHAELA MANOLIU 



Given any two trivializable T-bundles Q and Q' over S, let -0 : Q' ^ Q be 
a bundle isomorphism. It follows from ( |4.4| (a)) that the induced isomorphism 
between the spaces of connections lifts to an isomorphism of line bundles 



(4.13) 



Cr 



Ao' 



To each gauge transformation (j) £ Qq there corresponds a gauge transformation 
■0"! o (j) o ip £ C/Q/, so that for any connection rj € Aq we have the commutative 
diagram 



(4.14) 



r 



L 



of line isomorphisms defined by ( [4.4| (a)). The line bundle isomorphism ( [4.13 ) 
pushes down to an isomorphism between the quotient line bundles by the groups 
of gauge transformations 



(4.15) 



-Cq = Cq/Qq 



Aq/Qq 



Aq'/Gq' 



It follows from ( 4.14 ) that the above isomorphism is canonical, that is, indepen- 
dent of the choice of T-bundle isomorphism ip : Q' ^ Q. Restricting the above 
considerations to the subspaces of flat connections we obtain that, for any two triv- 
ializable T-bundles Q and Q' over S, there is a canonical isomorphism of hermitian 
line bundles with connections 



(4.16) 



M 



Q 



Mr 
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Since AIe = Mq for any trivializable T-bundle Q — > S, the above shows that we 
get a hermitian hne bundle 

with a unitary connection with curvature —2Trikujj], with lo^ the standard sym- 
plectic form on Ms. 



4.2. The Chern-Simons section. We turn now our attention to the 3-dimensional 
Chern-Simons theory. Let X be a compact oriented 3-manifold with nonempty 
boundary and P ^ X a principal T-bundle with Ci(P) a torsion class. If is a 
connection on P, then Prop. ( |3.15 ) shows that the function 



g7rifc5x,p(e) :Y{dX;Q) — > C 

g I ^ g7i'ifc5x,p(0)^g-) _ g7rifc5x,p(s,e) 

is an element of norm 1 in the line Lqq attached to the restriction of to dX 
(4.17) e-ifcSx,p(e) ^ 

If dX = 0, then Q^i><^Sx^p(G) ^ £^ gQ gg^ ^0 = C to account for this case too. 

Theorem 4.18. Let X be a compact oriented 3-manifold. The assignment 

G — > e^*Sx,p(e) ^ ^ 

for Q connections on T-bundles P ^ X with ci{P) torsion, is smooth and satisfies: 
(a) Functoriality 

Let (j) : P' ^ P be a morphism of principal T-bundles covering an orientation 
preserving diffeomorphism (j) : X' ^ X . If Q is a connection on P, then 

under the induced isometry (dcj))* : Lqq — > Lq^*Q). In particular if dX = 0, then 
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(b) Orientation 

If —X is the manifold X with the opposite orientation, then 



(c) Disjoint union 

Let X he the disjoint union X = Xi U X2- If Qi are connections on T -bundles 
Pi ^ Xi, then we have the identification 

g7riA;5xiuX2,PiUP2(®i'-'®2) _ gTrifeSx^.p^ (©i) ^ ^ikSx2,P2^^2) 

under the isomorphism Lqq-^uqq^ — Leoi ^ LdQ2- 

(d) Gluing 

Let X he a compact oriented 3-manifold and let X^'^^ be the 3-manifold obtained 
by cutting X along a closed oriented 2-dimensional submanifold S. Then dX^'^^ = 
dX\J[—Tj)UTi. Let Q he a connection on a T-bundle P ^ X , with r] the restriction 
of Q to T,, and let Q*^"* denote the induced connection on the pullhack bundle 
pcut = g*p under the gluing map g : X'^"* ^ X . If 

Tljj '■ LgQcut = Lqq ® Lf^ ® L^ — > Lqq 

is the contraction map using the hermitian inner product in L^, then 

(•4^9') ^ f^TTikSxcut^pcut(e''''*)\ _ g7r*5x,p(e) 



Proof (a) follows from (U (a)) and (a)), 
(b) follows from (b)) and (^J^ (b)). 



(c) follows from (44 (c)) and ( 3.16 (c)). 

(d) Let g : P™* ^ P be the bundle map from the pullback bundle P™* = g*P to P, 
covering the gluing map g : X^"* X. Then B'^"* = g*@ and 50^^"* = dQ UrjUrj. 
Under the isometry Lqqcui Lqq (g) the element e''''''^Jf™'.^=™*(®™*) G 
LgQcut is mapped to 

7^ihS^^cut pcut 1© ) , , 
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where s, a and s™* are sections s : dX — > dP, a : S — > and s'^"* = sU a U a : 



QXcut _^ dpcut_ pj,Q^g ( p^ we have to show that 



Let pp : P ^ P = P xj SU{2) and />pc.t : P'^"* ^ P^"* = P'^"* xj SU{2) = g*P 
be the bundle maps to the induced 5[/(2)-bundles. There is a S'C/(2)-bundle 
morphism g : P*^"* _> p go that pp o g = g o ppcut . Let s : X — > P be the extension 
of /9p o s : dX —5- 9P and s'^"* : X ^ pcut ^j^g pullback of the section s. Then 
^os^^* = and s^"*|g;^c.t = ppcut os^'^K If e^"* = then p^.^tB^^* = />*G'"*, 
so that Q'^"* is the 5C/(2)-connection induced from 0^"*. Therefore, using the 
definition (|3.9|) of the Chern-Simons functional, we can write 



5x-t,pc.t(s'="*,G'="*) = J s'="**a(G'="*) (mod 1) = y" s^"**a(rG) (modi) 

= j g*s*a{Q) (mod 1) = ^ s*a(0) (mod 1) 
= 5x,p(5,G) 

which proves ([4.21| ). Then, taking in ( |4.20 ) the hermitian inner product in L^, i.e. 



(/)/) = /(o')/(o'), we get the announced result ( [4.19| ). □ 

Consider now the restriction map r : Ap ^ -Aqp which sends a connection 
on the T-bundle P ^ X to its restriction over dX. As previously shown, to 
the trivializable T-bundle dP — > dX there corresponds a hermitian line bundle 

: Cqp ^ Adp with connection V and these pull back under r to a hermitian 
line bundle r* Cqp — > Ap with connection r*V. The restriction of r* Cqp to the 
subspace Ap of flat connections is a flat line bundle since 

(r*u;s)(G, G') = c^s(r*0, r,G') = - J {80 A 80') = - J d{@ AQ') = 

dX X 

for any G,Q' G TA^p. 

As Qp C QdP^ the action of the group of gauge transformations Qp on Ap lifts 
to r*Cap. Since r*Cap = {(Q,/) & Ap x Cqp \ r(Q) = 7r(/)}, we see from ( ^ItD 
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and (p^ (a)) that 

(4.22) ap : Ap — > r*Cdp 

is a nowhere-zero ^p-invariant section, i.e. for any G Qp, 
ap{Q)-4> = ((/.*e,(50)*e^''=^^'^(®)) 

= ((/.*G,e^''^'^^-^('^*®)) = ap((/)*G) 

Moreover we have: 

Proposition 4.23. The section dp : Ap r*Csp is covariantly constant. 

Proof. Let s : dX — > dP be a section. The induced section 7^ : Asp Cqp 
pulls back to (r*7,)(G) = (9,7,(96)) : Ap r*Cgp. Since e^''^^^-^^®) = 
g7rifc5x,p(s,0)^^(59)^ we can write ap = f{r*js) with <f{e) = e^ikSx,p{^,e) _ gy 

differentiating ip with respect to ?) € TqAp, we find 

TTikSx,p{s,e+trj) 



t=0 



7rifc[5x, p(s,e)-t / s*{eAT!)+2t f (deAri)+t'^ f (r)Adfi)] 

= g ' ex X X 

dt t=o 

= -TTik J s*{QA^) f{e). 

dX 

On the other hand 

(r*V)^(r*7,) = -27rife (?) J r*^;) (r*7,) . 

Combining these two results we obtain 

(r*V)^ap = (r*V)^(vp(r*7,)) 

= [i]{ip) - 27riA:(7) J r*4)v'] (?^*7.) = . 



□ 



The flat line bundle r*Cgp Ap together with its metric and connection push 
down to the quotient by to a flat hermitian line bundle which is identified with 
the pullback r*£gp ^ A4p of the line bundle Cqp —>■ M-op under the restriction 
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map r : Aip ^ MdP- The ^p-invariant and covariantly constant section ap : 
Ap —)■ r*CQp corresponds to a covariantly constant section 

(4.24) ap : Mp ^r*£dp. 

For any two principal T-bundles P and P' over X with ci(P) = ci(P') = p G 
Torsi^^(X; Z), let : P' ^ P be a bundle isomorphism. This induces an isomor- 
phism of hermitian line bundles with connections (p* : r*CQp r* Lqpi such that 
for the corresponding Chern-Simons sections (|]2|) we have 4>*Gp(Qi) = (7p'(0*0), 



for any € ^p. Restricting the line bundles to the subspaces of flat connec- 
tions and taking the quotient by the group of gauge transformations, we obtain a 
canonical isomorphism of flat hermitian lines 

r*Lap > r*Capi 

(4.25) 

M p > M pi 

Thus, for each p E Tors//^(X; Z), we obtain a hermitian line bundle with a flat 
connection, 

Cp Mx,p , 

over the connected component A4x,p of the moduli space A4x- The line bundle 
Cp M.x,p is canonically identified with the restriction to Mx,p C M.x of 
the pullback of Cqx M.qx under the map rx '■ M.x —* M.qx- In view of the 
canonical isomorphism ( 4.25| ), the section (4.24) defines a nowhere-zero covariantly 



constant section 



(4.26) ax,p ■■ Mx,p — > Cp = t^Lqx 



Mx,p 



which we refer to as the Chern-Simons section. 
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5. The quantum theory 

5.1. The Hilbert space. We consider again a closed oriented 2-dimensional man- 
ifold S and let 5 = i dimi?i(S;M). The space of gauge equivalence classes of flat 
T-connections on S is a symplectic 2gf-dimensional manifold (AIs)'^e)- The con- 
struction in SectJ^ provides (A^s, kujs), k G 2Z+, with a hermitian line bundle £s 
with a unitary connection V with curvature —2Tr[kujY,. According to the general 
geometric quantization scheme the other data needed for the quantization of the 
symplectic manifold {A4y:, kujj]) is a polarization. 



Since (Alsj'^s) is a symplectic torus, we are going to use the results in [Ma] 
on the quantization with half-densities of symplectic tori in a real polarization. 
Thus let L C H^{T,; M) be a rational Lagrangian subspace of the symplectic vector 
space {H^{T,; M), cjs). The attribute rational refers to the fact that the intersection 
Lr\H^{T,; Z) with the integer lattice H^C^; Z) C H^{T,; M) generates L as a vector 
space. Under the identification of the tangent space at any point of A4s with 
27riff^(S; M), the Lagrangian subspace L determines an invariant real polarization 
Vl of {A4-s,u!^). The polarization Vl is the tangent bundle along the leaves of an 
invariant Lagrangian foliation of tVIs- 

1 

The bundle of half-densities on Vl is the line bundle |Det'P£|2 over A4s- Its 
restriction to any leaf A of Vl has a canonical flat connection V'^^ defined as 



follows |Wo|. First let us recall that, since the quotient map ir : ^AJ: ^ Mj^/Vl '^s 
a smooth fibration, for each point in A4j]/Vl there is a local neighborhood U such 

that Vl\^-i(^jj^ is spanned by Hamiltonian vector fields [xi], . . . , [x^]. Then, on 

1 v - 

-K^ (U), the covariant derivative Vj^/x of a section fj, of |DetP2[2, along a vector 

field [w] G VL\^~l(^^y is defined by 

'Vg/.)([xi],...,[x,]) = [w]{l^{[xi],...,[±g])). 



Since the leaves of Vl are diffeomorphic to (^-dimensional tori, the distribution 
Vl has a canonical density k invariant under the Hamiltonian vector fields in Vl 
and which assigns to each integral manifold of Vl the volume 1. The square root 
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1 

of K trivializes the line bundle iDetP^p and is a covariantly constant section of 
( |DetP£|5 ) 1^ for each leaf A of Pl. 

The Hilbert space of quantization for {Mj^^kuoY.) will be defined in terms of 
sections of the line bundle Cy. ® |DetP£[2 obtained by tensoring the prequantum 
line bundle £e with the bundle of half-densities on Vl- The restriction of this line 
bundle to a leaf A of Vl has a flat connection defined by 

I 1 
for any [w] E T'l]^ and a ® ii ^ T{K;Cy. ® jDefP^I^). The union of those leaves 

of Vl for which the holonomy group of this connection is trivial defines the Bohr- 

Sommerfeld set BS-p^ of the polarization Vl- For each leaf A belonging to BS-pj^ we 

let 5a denote the one-dimensional vector space of covariantly constant sections of 

(£s «) |DetP2| 2 ) 1^. Then the Hilbert space associated to the symplectic manifold 

(Als) fcws) with real polarization Vl is defined to be the complex vector space 

AcBS-p^ 

with inner product 

, if cj (g) /X e 5a, cj' (g) /x' G 5a/, A 7^ A' 



{a fi,a' ^ ji) 



J (cr, a')iJ. * , if CJ /X, cr' (g /u' G 5a 



(cj, a') is the function on A obtained by taking the hermitian inner product in the 
fibre of £s and /U * /i' the density on A defined by 

for some vector fields [xi], . . . , [xg] spanning TA. 

Now recall that we identify A^s = 2"ijj'i(s'z) ' t^i]' ' ' ' ' t^sl ^ basis for 



2iT\{L n H'^{Ti]'L)). Then, as shown in (|Ma|, §3), the Bohr-Sommerfeld leaves of 



Vl on My, are determined by the requirement that their preimages in the linear 
symplectic space 27riff^(S; M) covering M.y satisfy the condition 

(5.1) g2^ifco.5:(M,H) ^ 1^ i = l,...,g. 
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For each q = (gi, • • • , (/g) G {JLjkTL)^ the hnear equations 

(5.2) A;cjs([ii'i]> N) = 9j (mod A;) , i = l,...,g, 

for [x] £ 27riff^(S; M), define a family of parahel Lagrangian planes projecting onto 
a Bohr-Sommerfeld leaf Aq under the quotient map 27riff^(S;M) —>■ Ai^,- Thus 
the dimension of the Hilbert space 7iiTi,L) is . 

In conclusion, to each closed oriented surface S together with a rational La- 
grangian subspace L C H^ijl; M) we associate by the previous construction a finite 



dimensional Hilbert space 7^(5], L). We recall the following results from [Ma|. 

If Li,L2 C /7"'^(S;M) are two rational Lagrangian subspaces, then there is a 
canonical unitary operator 

(5.3) Fl,l, : 7^(S,Li) ^W(S,L2) 

induced by the Blattner-Kostant-Sternberg (BKS) pairing 

((•,•» :^(S,L2) xH(S,Li) 
The BKS pairing between the Hilbert spaces H{T,,Li) = © Sa^ and 



AiCBS-p 



TC(Ti,L2) = © is defined by setting 



(5.4) ((s2 'X)^2,si "^m)) = J (s2,si) /U2 * Ml , 

AinA2 

for any Bohr-Sommerfeld leaves Ai C BS-p^^^ , A2 C BS-pj^^ and for any sections 
si © Ml € S'aj , S2 © M2 £ 5'a2 • The density /i2 * /ii on Ai n A2 is defined as follows 
For any point [x] S Ai fl A2, choose a symplectic basis {[v2\, [w]; [vi], [i]) for 
{M.Y.^kujY)i that is a basis satisfying /cLL's([it'i], [ij]) = ^ij, kujY,{[v2-i\.,[vij\) = 5jj 
and A;ws(['yii]; [ij]) = fc'^E(['y2i]5 [ij]) = 0, and with [w] a basis for T[2,](Ai n A2), 
([■ui], [w]) a basis for T[^]Ai and ([•i'2], [tw]) a basis for T[a,]A2. Then ^2 * Mi is the 
density on Ai n A2 defined by 



(M2*Mi)([^]) = ^J'2{[V2],[W]) lJ-l{[vi],[w]). 
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The operator Fl^l^ is determined by the relation 

(5.5) {S2 ^ fJ'2, Fl2Li{si 1^ m)) = ((S2 18)^2,51 <Xl/il)) . 



For the unitarity proof of Fl^Li we refer to ( |Ma| ,§4). 

For any three rational Lagrangian subspaces Li, L2, C M) the unitary 

operators relating the Hilbert spaces associated to S and each of these Lagrangian 
subspaces compose transitively up to a projective factor expressible in terms of 
the Maslov-Kashiwara index t{Li, L2, L3): 

(5.6) Fl.Ls o Fl,l, o Fl,l, = e-T-(^i.^2,L3) j 

For the proof of the above relation we refer to ( ||Ma| ],§6). The definition of the 



index r may be found in [Gc, LV, Ma]. 



5.2. The vector. We consider a compact oriented 3-manifold X with nonempty 
boundary dX. Through the construction of Sect.^ we have a prequantum line bun- 
dle Cqx on the symplectic space {A4qx, kujQx)- The Lagrangian map rx ■ M.x — ^ 
AAqx determined by the restriction of connections on X to dX suggests a natural 
choice for the polarization needed in quantizing (A4sx, kujdx)- That is, we take 
the invariant real polarization Vx on Mqx determined by the rational Lagrangian 
subspace Lx C H^{dX;W), where Lx = Im{rx : H^{X;M.) H\dX-R)}. To 
the pair {dX,Lx) corresponds the Hilbert space 

n{dX,Lx) = e 5a 

AcBSv^ 

defined as the direct sum of the one-dimensional vector spaces 5a of parallel sec- 
tions of the line bundle Cgx ^ |DetP^| 2 , supported on the leaves A contained in 
the Bohr-Sommerfeld set BS-p^ of the polarization Vx- 

Our goal is to give a canonical construction of a vector Zx in 7i{dX, Lx) to be 
associated to the 3-manifold X. First we note the following 

Proposition 5.7. The Lagrangian submanifold Ax = Im{rx : Mx -^dx} of 
AidX is contained in the Bohr-Sommerfeld set BS-p^ and is connected. 
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Proof. We start with the observation that for any flat connection on a T-bundle 
P — > X and any closed 1-form a on X for which the cohomology class 2^[d] in 
if^(X;R) is integral we have 



J {s*e A d) = (mod 1) 



ax 



for any section s : dX dP. This follows from ( p.20| ), since Fq = and since any 
integral class [a] in 2-kiH^{X] Z) is the cohomology class [n*-!?] of the pullback of the 
Maurer-Cartan form ?? of the group T through some map n : X — > T. According 
to the definition ( |2.^ ) of the symplectic form ujqx on M.qx = 27rig^(ax'z) ' 
rewrite the above equation as 

(5.8) uj9x{rx[a]As*Q]) = ^ (modi), 

with [s*0] € 2TT\H^{dX]M.) the cohomology class of the 1-form s*G on dX and 
rx[d] the image of [a] under the restriction map rx '■ H'^^X^M) —> H^{dX;M.). 

Let g = ^ dim/7"'^((?X; R) and choose a basis [wi], . . . , for the subspace 
27ri(Lx ni?-'^((?X; Z)) oi2iT\H^{dX;M), with [wi] =rx[o-i\ for some integral classes 
[oLi] G 2'K\H'^{X]Z). Given any [rj] G Ax, there exists [9] G Mx with a flat 
connection on a T-bundle P ^ X such that its restriction to dX is 30 = r]. For 
any section s : 5X — > 9P, the element [s*r]\ G 27ri/7-'^(9X; M) projects to [rj] under 
the quotient map 2TT\H^{dX]M.) — > A4qx = 27riHi(ax'z) • Then it follows from 



( lOD that 

wax([^i'j], [s*r/]) = a;ax(''x[di], [s*0]) = (modi), i = l,...,g. 

Now, since Ax is a Lagrangian submanifold of (A^axi^^ajf) and since TAx = 
"Pxj^^, each connected component of Ax is a leaf of Vx- A comparison of the 
above equation to the Bohr-Sommerfeld condition ( ^.2] ) shows that the leaves of 
the polarization Vx contained in Ax are all Bohr-Sommerfeld leaves. Moreover, it 
shows that Ax contains only one Bohr-Sommerfeld leaf, that is. Ax is connected. 

□ 
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The above proposition suggests that we might try to define the vector Zx in 
Tl{dX, Lx) as a parallel section of the line bundle Cgx <X) |DefP^|2 restricted 
to the Bohr-Sommerfeld leaf Ax- First we note that, since Ax is a connected 
Lagrangian submanifold of A4qx, each connected component A^x,p of the mod- 
uli space A4x = U -Mx v maps onto Ax under the continuous map 

peTors_H'2(X;Z) 

'i^x '■ ■M.x — > -M-dx- Now recall from Sect.^that, for each component A4x,p, the re- 
striction Cp = r^Cgx\^^ of the pullback under rx of the prequantum line bundle 
Cqx Max has a nowhere-zero parallel section, the Chern-Simons section cJx.p- 
Then, since Ax is a Bohr-Sommerfeld leaf and since the map rx : Mx,p Ax is 
surjective, it follows that the section o"x,p is the pullback of a nowhere-zero covari- 
antly constant section of CqxI^^^ which we continue to denote by crx,p- We are 
thus led to define a section ax of Cgx \ by 

(5.9) ax = ^^'P- 

peTorsi?2(X;Z) 

ax is covariantly constant with respect to the connection V in Cgx- 

What we need now is a covariantly constant global section ^ux of the bundle of 
half-densities |DetP^|2 over Ax- We construct such a section using the Reide- 
meister torsion (R-torsion) invariant Tx of the 3-manifold X. 

The R-torsion Tx of a compact manifold X is defined as a norm on the determi- 
nant line |Deti/*(X;M)| of the cohomology of X. We recah that \'DetH*{X;R)\ = 
®q \DetH'^{X;R)\^~^^'' . The definition and properties of the R-torsion may be 
found in jRSlI , ^S|, 0. The R-torsion Tx is defined in terms of a smooth 
triangulation K of X. Let {C*{K),d'^) be the cochain complex of K. There is a pre- 
ferred basis c(9) = (cj^^) of Ci{K) defined by 4''\af^) = 6ij, where (af) are the 
g-simplices of K. The space C^{K) has a natural inner product for which the basic 
cochains (cf^) are orthonormal- This inner product passes to the cohomology space 
if«(X;M) = Hi{C'{K)). Let h(«) = {h^^\ . . . , h^^^), with l3g = dimHi{X;R), be 
a basis for H'^{C*{K)) and let h['^^ be representative cocycles in C'^{K) for the 
elements For each q, choose a basis b^"^) for the image d'^C'^~^{K) C C'^{K) 
and let b^'^^ be an independent set in C'^~^{K) such that d^b^'^) = b^''^. Then 
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(b^'^), b^'^"''-'^), h^'^)) is a basis for C'^{K). Let Dq denote the matrix representing 
the change of basis from (b^'^^ b'^'^+^\ h*^'')) to c^''\ The determinant of Dq de- 
pends only on the choice of h^''\h^i^^\h^'>\ The R-torsion of X is the density 
Tx G |DetF'(X;M)*| defined by 



dimX 



(5.10) Tx 

5=0 



(detD,ri(4'')A...A/iJfj) 



(-1)" 



The above expression is independent of the choice of bases b^'^^ and h^''-'. The norm 
( B.lOj ) is known to be a combinatorial invariant of K; hence any smooth triangula- 



tion of the compact manifold X gives the same R-torsion norm on \DetH'{X; 

For a compact oriented 3-manifold X with nonempty boundary the R-torsion Tx 
belongs to | Deti?° (X; M) | O | Deti? ; 1^) * | | DetF^ (X; M) | (g) | Deti?^ (X; M) * | . By 
Poincare duality /7^(X;R) = H^{X,dX;M.)* . Choosing canonical trivializations 
|Detif°(X;M)| ^ M+ and |Deti?3(X; E)| ^ M+ with respect to orthonormal bases 
for H^{X;M.) and H'^{X;W), we can then regard Tx as a density 

(5.11) Tx G \BetH^{X;R)*\^\BetH^{X,dX;R)*\ 

We recall from Sect.§ that Mx = H^{X;T) and that we have an exact sequence 
( p. 81 ) of compact abelian Lie groups. The corresponding sequence between the 
tangent spaces at the identity of the groups in , 

^ i?°(X,(9X;M) ^ H^{X;R) F°((9X;M) ^ 

^ H^{X,dX;R) H^{X;R) T^hx ^0, 

induces the following isomorphism between the half-densities spaces: 

(5.12) |Detr;Axl^ = \T)eiH^{X]R)*\^ ® \T)eiH^{X,dX-R)\^ , 

where we used again canonical trivializations for the spaces H^{*]R). Let us pick 
an arbitrary element w G |Deti7^(X, aX; M)* | . Since H'^{X,dX;R) is identified 
with the tangent space at the identity of the group H^{X, dX; T), w extends to an 
invariant density w on H^{X,dX;T). U uj-^ G \DetH^{X,dX;R)\ stands for the 
dual of u;, we note that (Tx)^ ® w'^ G \BetH^{X;R)*\^ (g) \DetH^{X,dX;R)\K 
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Thus we can define an invariant half-density nx on the abelian group A^, whose 
value at the identity is 



(5.13) 



W 



'-H'^{X,dX;T) 

The identification between the l.h.s. and r.h.s. of the above equation is made 
via the isomorphism ( 5.12 ). As TAx 



"^^lAjf' half-density fix, being Ax- 
invariant, defines therefore a covariantly constant section of the half-densities bun- 
dle ( |DetP^|5 ) I . We introduce the notation 



(5.14) fix = J (Tx)^ 

H'^{X,dX-J) 

with the implicit understanding of nx as the invariant extension of ( ^.13 ). 



Using ( |5.9| ) and (5.14) we associate then to the compact oriented 3-manifold X 
with boundary dX the vector Zx in the Hilbert space 7i{dX, Lx), defined by the 
expression 



Zx 



(5.15) 

where 
(5.16) 



[#Tors/?2(X;Z)] 

J^mx 



crx Cj? fix 



\#ToTsH^(X;Z)] ^ ""^'^^ 



(Tx 



mx 



'dimH\X;R) + dimH\X, dX;R) 
- dimF°(X;M) - dimH^{X,dX;R)) . 



If X is a closed oriented 3-manifold then, according to ( p. 11 ), the square root 
of the R-torsion Tx is a density (Tx)^ G \DetH\X;R)*\. Since the tangent space 
TAix — H^{X;R), this defines an invariant density (Tx)^ on the moduli space 



Mx = H^{X;T). From ( 4.18| (a)) it follows that we have a well-defined function 
ax on Aix whose restriction to each connected component ^Ax,p of Mx is given 
by (7x,p{[®]) = e'^'^^^-P^^^ for any T-bundle P with ci(P) = p. As a result of 



46 MIHAELA MANOLIU 



( |3.8[) ax is constant on components. Thus to the closed oriented 3-manifold X we 
associate the complex number 

= [#Tors/7^(X;Z)] ^rx ^ ^"^"^^ 



(5.17) 



where 



pGTorsH2(X;R)_^-^_^ 



(5.18) mx = - {dimH\X;R) - dimH^{X;R)) . 



6. The topological quantum field theory 

The results of the previous section show that we are very close to defining a 2+1 
dimensional topological quantum field theory (TQFT) for the Lie group T and an 
even integer k. At this stage we know how to canonically associate to a closed 
oriented 2-manifold S together with a rational Lagrangian subspace L C H^{Ti; M) 
a finite dimensional Hilbert space 7^(5], L) and to a compact oriented 3-manifold X 
a vector Zx in the Hilbert space ^{{dX, Lx) associated to dX and the Lagrangian 
subspace Lx C H^{dX;R) determined by X. 

A TQFT is supposed to satisfy the axioms listed in |A1| which refer to functo- 
riality, the orientation and disjoint union properties and the gluing of manifolds 
along their common boundaries. 

Li order to construct the Chern-Simons TQFT for the group T we are going 



to use the notions introduced in |Wa] of extended 2- and 3- manifolds, extended 
morphisms and gluing of extended 3-manifolds. We give below the relevant defi- 



nitions. As in l^^l we use the shortened notation with the prefix 'e-' standing for 
'extended'. 
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Definition 6.1. An e-2-manifold is a pair (S,L), with S a closed oriented 2- 
dimensional manifold and L a rational Lagrangian subspace of 

Definition 6.2. (i) An e-3-manifold is a triple {X,L,n), with X a compact ori- 
ented 3-manifold, L a rational Lagrangian subspace of H^{dX;M.) and n G Z/8Z. 
(ii) The boundary of an e-3-manifold is d{X, L, n) = (dX, L). 
A closed e-3-manifold is just a pair (X, n) with X a closed oriented 3-manifold and 
n G Z/8Z. 

Definition 6.3. An extended morphism from an e-2-manifold to an e- 

2- manifold (S,L) is a pair (/i, m) with /i : S' ^ S an orientation preserving 
diffeomorphism and m G Z/8Z. We refer to extended morphisms between e-2- 
manifolds as e-2-morphisms. 

Definition 6.4. Composition of e-2-morphisms. 

If (/i,m) : ^ (S,L) and (/i',m') : (S", L") ^ (S', L') are e-2-morphisms, 

their composition is defined to be 

(/i, m){h', m') = {hh', m + m' + t{L" , h'*L', {hh'fL) (mod 8)) , 

where r is the Maslov-Kashiwara index | ]Go| , [LVU of a triple of Lagrangian subspaces 
of a symplectic vector space. 

The e-2-morphism [id, 0) acts as the identity and the inverse of an e-2-morphism 
(/i, m) is (/i, m)""*^ = {h~^ , —m). 

Definition 6.5. An extended morphism from an e-3-manifold (X, L,n) to an e- 

3- manifold {X' , L' ,n') is a pair (<I>,m) with ^ : X' ^ X an orientation preserving 
diffeomorphism and m G Z/8Z such that 

n' = n + m + T{Lx',L',{d<^)*L) (mod 8) 

where : dX' dX is the induced diffeomorphism between the boundaries. We 
refer to extended morphisms between e-3-manifolds as e-3-morphisms. 
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To the e-3-morphism ($, m) : {X' , L' , n') {X, L, n) there corresponds an induced 
e-2-morphism between the boundaries (9<I>,m) : {dX',L') {dX,L). 
Two closed e-3-manifolds {X,n) and (X',n') are isomorphic if there exists an 
orientation preserving diffeomorphism ^ : X' ^ X and n' = n. 



Definition 6.6. Composition of e-3-morphisms. 

If ($,m) : {X',L',n') {X,L,n) and ($',m') : {X",L",n") {X',L\n') are 
e-3-morphisms, then their composition is the e-3-morphism 

($, m)($', m) = m + m + t{L", {d^'yV, {d^d^'fL) (mod 8)) 

From the cocycle and the symplectic invariance properties |LV, |Gc[| of the Maslov- 



Kashiwara index it follows that the equality 

n" = n + m + m' + t{L", {d^'fL', {d^d^'fL) + 
+ T{Lx",L",{d^d^')*L) (mod 

is indeed satisfied. 



Definition 6.7. (i) If (Si,Li) and (S2,i^2) are e-2-manifolds, their disjoint union 
is the e-2-manifold 

(Si,Li)U(S2,L2) = (SiUS2,LieL2), 

where we have in view the identification F^(Si U S2; M) = F^(Si; M) ei?^(S2; M). 

(ii) If (/ii,mi) and {h2,m2) are e-2-morphisms, then 

(/ii,mi) U (/i2,m2) = (/ii U /i2,mi + 7712) 

(iii) If {Xi, Li,ni) and (X2,-L2,n2) are e-3-manifolds, their disjoint union is the 
e-3-manifold 



(Xi,Li,ni) U (X2,L2,n2) = (Xi U X2, Li L2, ni + 712) 
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Definition 6.8. Gluing e-3-manifolds. 

Let {X,L,h) be an e-3-manifold such that d{X,L,n) = {dX,L) = {Y,L) U 
(— U(S2,L2) and assume there exists an e-2-morphism {h,m) : (Ei,Li) — > 
($]2,L2)- Under these assumptions, the gluing of {X,L,h) by {h,m) is defined to 
be the e-3-manifold 

{X,L,h)(^h^^) = [X,L,n + m + T{L,Lj^,Lx ® Lh) (mod 8)) , 

where X is the 3-manifold obtained by gluing X by the diffeomorphism /i : Si — > 
S2 and where L,Lj^ and Lx © are the Lagrangian subspaces of H^{dX;M.) = 
H\Y;R) e H^{-T,i;R) e H^{T.2;R) defined as follows: 

• L = L © Li © L2 by the initial assumption on {X, L, n); 

• = lm{H^X;R) — > H^{dX;R)}; 

• Lx®Lh is the direct sum of Lx = lm.{H^{X;R) H^{Y;R)} C H^{Y\R) and 
of the Lagrangian subspace Lh C Si;M) ©i/-'^(S2;M) defined as the graph of 
the symplectic isomorphism h* : H^{Ti2',R) i?^(Si;M), that is, 

Lh = {{h*[n],m I [»?]Gi^n5^2; 



Having introduced the necessary definitions, we are ready now to construct the 
full TQFT. For each e-2-manifold (E, L) we have a finite dimensional Hilbert space 
L) by the construction of SectJB]. Now let {X, L, n) be an e-3-manifold. Then 
to the e-2-manifold {dX, L) obtained as the boundary of (X, L, n) there corre- 
sponds the Hilbert space Ti{dX, L). On the other hand, the 3-manifold X deter- 
mines the Lagrangian subspace Lx C H^{dX;R) and therefore an e-2-manifold 
{dX,Lx) with corresponding Hilbert space H{dX, Lx)- Let 

(6.9) Fll^ : HidX, Lx) n{dX, L) 

be the unitary isomorphism induced by the BKS pairing (^.4|). Then we define the 
vector Z(^x,L,n) iii Ti{dX,L) associated to the e-3-manifold {X,L,n) by 

(6.10) Z(x,i,n) = eT"Fii^(Zx), 

where Zx is the standard vector in H{dX, Lx) defined by the expression ( 5.15|) . 
The following theorem shows that we have a unitary TQFT. 
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Theorem 6.11. The assignments 

e-2-manifold i — >■ Hilbert space H{Ti, L) 
e-3-manifold {X, L, n) i — ^ vector Z(^x,L,n) ^ 'H{dX, L) 

satisfy: 

(a) Functoriality 

To each e-2-morphism {h, m) : (S', L') — > (S, L) there corresponds a unitary iso- 
morphism 

U{h,m) : n{^,L) — > 7^(S',L') 
and these compose properly. 

Let ($,m) : {X',L',n') — >■ {X,L,n) be an e-3-morphism between isomorphic e-3- 
manifolds and {d^,m) : {dX',L') — > {dX,L) the induced e-2-morphism between 
the boundaries. Then 

U{d^,m)Z(^X,L,n) = Z^x',L',n') 

(h) Orientation 

There is a natural isomorphism of Hilbert spaces 
and 

Z{-X,L,n) = Z{X,L,n) 

(c) Disjoint union 

If (S, L) = (Si, Li) U (S2, L2) is a disjoint union of e-2-manifolds, then there is a 
natural unitary isomorphism 

niJ^i U E2, Li e L2) ^ Li) 7^(E2, L2) 

If {X, L, n) = {Xi,Li, Hi) U {X2, L2, n2) is a disjoint union of e-3-manifolds, then 

-^(XiUX2,LieL2,ni+n2) = ■^(Xi,Li,ni) <^ -^(Xz.La.nz) 
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(d) Cylinder axiom 

IfE is a closed oriented 2-manifold, I = [0, 1] the unit interval and L-£ c i?^(i;;M) 
a rational Lagrangian subspace, then to the e-3-manifold (E x /, Ls 0-Ls,O) there 
corresponds 

(e) Gluing 

Let X he a compact connected oriented 3-manifold with boundary dX and let X'^^^ 
denote the manifold obtained by cutting X along a codimension one closed oriented 
submanifold E. Then dX'^'^^ = (?XU(— E)UE. Let Z(^x,L,n) vector associated 

to the e-3-manifold {X,L,n) and ■Z^(X':"*,LeLEeLj:,n="*) vector for the cut e-3- 
manifold © Ls Ls,n™*), with Ls C iJ^(E;M) an arbitrary rational 

Lagrangian subspace and 

^cut ^ „ _ ^(-^ © Ls © Ls, Lxcut,Lx © La) (mod 8) . 

The Lagrangian subspace La C E;M) © iJ^(E;R) is the diagonal. Then to 

the gluing of e-3-manifolds 



L © Ls © Ls, n'=«*)(,rf^,o) = {X, L, 
there corresponds the quantum gluing property 

where the operator Trs is the contraction 



n) 



TVe : H{dX^''\ L © Ls © Ls) = n{dX, L) W(E, Ls) ® W(E, Ls) ^ L) 
wsm^ the hermitian inner product in Ti.{T,,Ls). 

Proof, (a) Functoriality. The orientation preserving difFeomorphism /i : E' — > E 
induces a map in cohomology h* : H^{T>; *) H^{I1'; *) and therefore a symplectic 
diffeomorphism h* : Ms Ms' between the moduU spaces of fiat T-connections. 
Since there exist hfts of h to bundle morphisms between trivializable T-bundles 
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over T,' and trivializable T-bundles over S, it follows from (gj (a)) and ( ^lej) 



that there is an induced isomorphism h* : Cy, — > Cj:,/ of prequantum line bundles 
covering h* : Aij] — > A4^'. The Lagrangian subspace L C is mapped 

onto the Lagrangian subspace h*L C H^{T,';M.). The map of line bundles 

/:s (8) |DetP2|5 — £s' O |DetP;j,^|5 



induces a map of sections which, having in view the constructions of Sect.^, gives 
rise to a unitary map of Hilbert spaces 

h* : n{j:,L) — >n{^',h*L). 

The composition of this map with the isomorphism 

arising from the BKS pairing between TiiTi' , L') and TC{T,', h*L) gives the unitary 
operator Fi'^h'L ° h* : H{T,, L) — > Ti-iT,' , L'). Thus we are led to associate to the 
e-2-morphism {h, m) the unitary operator 

U{h,m) = eT^FL^^h'Loh* : L) ^ L') 

We note that if L and K are rational Lagrangian subspaces in ff^($];M), then it 
follows from the definition of the intertwining isomorphisms ( ^.31 ) that the following 
diagram commutes 



n{^',h*L) n{T.',h*K) 

Now let {h',m') : {T,",L") — > (S',L') be another e-2-morphism. Then, using 
the composition property (|5.6|), the above commutative diagram property and the 
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multiplication law of e-2-morpliisms, we obtain 
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U{h', m') U{h, m) = ex(-+™') FL>',h"'L' o h'* o FL',h'L o h* 

= ex(-+-') FL.^h'*L' o Fh.*L',h"h'L o h'* o h* 

= U{{h,m){h\m')) 



This proves the first statement in ( 6.11| (a)). 



We prove now the second statement in ( |6.11| (a)). The orientation preserving 
diffeomorphism of compact oriented 3-manifolds ^ : X' ^ X induces an isomor- 
phism <I>* : M.X M.X' between the moduli spaces of flat T-connections. Its 
restriction {d^)* : Msx ~^ ^dX' lifts to an isomorphism of prequantum line 
bundles (d^)* : Cqx ^dX'- Moreover we have rx' o ^* = ((9<I>)* o rx, where 
rx '■ Mx Mqx and rx' '■ M.x> Mqx' ai"e the restriction maps to the bound- 
aries. Therefore {d^)*Lx = Lx', so there is an induced bundle isomorphism 
{d^Y : Lqx ® |DetP^|5 Cax' ® |Det7^^,|^. From the construction in SectJ|of 
the standard vectors Zx and Zx' as sections of these line bundles it follows that 



{d^T{Zx) = Zx' 



under the unitary map of Hilbert spaces (9<1>)* : 7i{dX,Lx) H{dX' , Lx')- 
On the other hand to the e-2-morphism {d^,m) : {dX',L') {dX,L) there 
corresponds the unitary operator 



U{d^,m) = ei''"Fi/,(a$)*io(9$)* : n{dX, L) ^ n{dX' , L' 
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According to the definition ( 5.15| ) of vectors associated to e-3-manifolds we liave 



Z{x,L,n) = e"i'^ FLLxi^x) and ^(x',L',n') = e*'"' Thus we find 
U{d^,m)Z(^x,L,n) = e'i^^^'^^ FL.,(9^YLo{d^y oFllAZx) 

^ [nH-™+.((a*)*L.,L',(a*)*L)] F^,^^s^y^AZx>) 
= gf [n+m+r(L^,,L',(9$)*L)] Fl'Lx,{Zx') 
= e^^' Fl'Lx,{Zx') = Z^X',L',n') 

This concludes the proof of ( |6.11| (a)). 

(b) Orientation. Fohows from (b)) and ( |4.1^ (b)). 

(c) Disjoint union. To the disjoint union S = Si U S2 there corresponds the 
product of symplectic spaces 

where prs, : Si x S2 ^ Sj are the natural projections. If Li C H^{Tii;M.) are 
rational Lagrangian subspaces, then Li © L2 C H^{T,i U S2;M) = i?-'^(Si;]R) © 
-fr^(S2;M) is again a rational Lagrangian subspace. The Bohr-Sommerfeld orbits 
A of the polarization Pl^Q)1^ on M.^.^ x A^Sa are Cartesian products Ai x A2 of 
Bohr-Sommerfeld orbits Aj for the polarizations Vl^ on TWe^i i = 1,2. The proof 
of (c) follows then from ( |4.4| (c)) and ( 4.18| (c)) and the definitions of the Hilbert 



spaces associated to e-2-manifolds and of the vectors associated to e-3-manifolds. 
(d) Cylinder axiom. Since H'^iT, x I) = f/'*(S), i = 0, 1,2, we obtain in particular 
that My:xI = My:- As 9(S x /) = U S we have Xa(Ex/) = Me x My, and 
the restriction map 

TYxi ■■ Myxi = My — > Md^Yxi) = My x My 

is the diagonal map [r]] 1— ([77], [r]]). Hence the Lagrangian subspace LyxI = L/\, 
with La denoting the diagonal in //^(— S;M) © //^(S;M) and the Lagrangian 
submanifold AyxI = ^, with A the diagonal in A4y x My- According to the 
definitions and constructions of Sect.^ we find that the Chern-Simons section over 
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A of the prequantum line bundle is crj^xl = 1 and that the section /isx/ over A 

1 

of the half-density bundle |Det "P^l 2 is identified under the isomorphism A = 
with the square root (Ts)^ of the R-torsion of S. In |Wi2| it is proved that the 



density Ts on A4s coincides with the density |^--^r~| determined by the symplectic 
form ws, where 9 = \ dimff"'^(S; M). Having in view the definition ( ^.15 ), we find 



therefore that the standard vector in 7^(— S U S, La) associated to the 3-manifold 
S X / is 

(6.12) Zsx/ = fc^"^-^'(^«aEx7^/^Ex7 = A;i<i-^^(^«l^(rs)K 

Let us consider now the e-3-manifold (S x /, L2Y;,n), where L2E = © L^; with 
Ls C iL^(S;M) an arbitrary rational Lagrangian subspace. To this e-3-manifold 



there corresponds the vector in H{—T. U S,L2e) = 'H{T,,L-s) (g) 7^(2, Ls) defined 
by 

^{Sx7,L2E,n) = e~"FL25,,L^(Zsx/) ■ 

Let us introduce a unitary basis {f(E,Ls)q} for the Hilbert space TC{T,,Ly;). Using 
the definition of the unitary operator -^Lje-^a • SUS, La) — > SUS, L2s) 
in terms of the BKS pairing (|5.4|), we find that 



(6.13) %x/,L2s,n) = ^W(S,Ls)q(8)f(E,Ls)q. 

q 

Thus ^(Ex/,L2E,o) = IdG Hom[7i(S,Ls),7i(S,Ls)]. 

(e) Gluing. The moduli space of flat T-connections on = 9X U (— S) U S is 

the symplectic manifold {Mqx 

cut , UJQJs[cut ) with 

M 

where prQx,pr-Y; and pr^ denote the projection maps from ^AQx x -^s x .A^s 
onto the first, second and third factor, respectively. Let A C A^e x -A^s denote 
the diagonal. We claim that the manifold 

C = Mdx X A c 
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is a coisotropic submanifold of {A4gxcut,u)Qxcut). Let TC"*" denote the orthogonal 
complement of the tangent bundle TC with respect to w^x™* > i-e- 

rC"*" = {u G TA^gx<="* I ujQxcut{v,w) = 0, for all w G TC} . 

For any vector v = {vgx ,vj:,v'-^) G TM-qx'^"^ such that f G TC"*" we must have 
= iOQX''^-tiv,w) = uJdx{vdx,WQx) - ujj]{vj],wj]) + ujj]{v'j.,wj]), for all vectors 
w = {wqx,wy:,wj]) G TC. This is true if and only if vqx = and = v'-^- 
Thus TC"*" C TC and C C Aigx"^* is coisotropic. Moreover, TC"*" is the tangent 
bundle to an isotropic foliation C"*" of C. The reduced symplectic manifold C/C'^ 
is identified with {A4gx ,0Jdx) and the quotient map C C/C^ with the natural 
projection prgx '■ M.dx x A ^ A^^x- 

With the usual notations let Axc"* be the image of Mx^ut under the restric- 
tion map r^cut : Mx''^^ ~^ A^gx<="*- According to (p.5|), A^cu* is a Lagrangian 



submanifold of (A^g^c^t , ugx':"*) "we consider its reduction |We] relative to 
the coisotropic submanifold C. The intersection A^cut PI C is a manifold and the 
tangent bundles satisfy T{Axcut n C) = TAxcut n TC. The reduction of Axcut 
relative to C is the image of Ax^ut n C under the quotient map C ^ C / C"*" . It is 
a Lagrangian submanifold of CjC^ which coincides with Ax C Mdx under the 
identification of CjC^ with Mqx- That is, 

Ax = vrQx{Axcut n C) . 

The kernel of the differential of pQx '■ Axc^t H C — > Ax is the vector bundle 

Now let g : X"^^ X denote the gluing map and g* : Mx Mx<:^t the 
induced map between the moduli spaces of flat T-connections. If rx '■ Mx 
Mdx and : Mx My. are the restriction maps from connections on X to 
connections on dX and S, respectively, then we get the commutative diagram 



Mx ^^^^^ Max X My 



(6.14) 



9 



idxi/\ 



Mx'^^t ^°"*> A^ax<="' = Mdx x My x My 
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where : -Mj: — > Ais x -Ms is the diagonal map iA([?7]) = (M, [^]) G A. We 
note that 

(6.15) Axc«t n C = (rxc«t o g*){Mx) ■ 

Recall that = U A^j^ct,* „cut and TWx = U -A^Xp- 

pent gTorsH2(X™*;Z) peTors_ff2(X;Z) 

Thus for each p^"* and each connected component [Axc^t H C]c of Ax^ut n C there 
is a unique p such that 

(6.16) r^^L ([Axc^t n C]c) n Mx'^^t^pcut = g*{Mx,p) ■ 
Then (6.16) and (2.2 (ii)) imply the following relation: 



(6.17) [#^o(Ax-t nC7)] • [#Torsi/2(X'="*;Z)] = [#Torsi7^(X; Z)] 

With the usual notations let 

Lxcnt = Im{i/i(X'="*;M) ^ i/i(9X^"*;M)} 
Lx = lm{H^{X-R) H\dX;R)} 

and let us introduce the following Lagrangian subspaces of the symplectic vector 
space i?i(X™*;M) = H\X;R) ® H\-^;R) e H\^;R): 

(6.18) L' = LxOL^e Ls 

L" = L®Ly.®Ly.. 

The vector corresponding to the e-3-manifold (X^"*, L", n'^"*) is the vector 

(6.19) Z(^x'^ut^L„^n'^ut) = e""- FvLjfcut (^x™t) S H{dX'''^\ L") , 
obtained as the image of the standard vector 

(6.20) Z^e.. = [^Torsg^(X'^"*;Z)] ® ^ H(aX-*,Lx 
defined in Sect.^. Using the composition law 



cut , 
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we can rewrite ( |6.19| ) as 



(6.21) 



(Js:':"*,L",n™') 



e 4 



Fl"L' ° FuL^cut (^X<="0 



Let us choose unitary bases {w(9X,Lx)q} for TC{dX, Lx), {v{dx,L)^i} for 7i{dX,L) 
and {v{T,,Ls)^} for 7^(2, L^). Then we have 

(6.22) 

where Fll^ ■ 'H{dX,Lx) ^ n{dX,L) and 



' t>{S,LE)£ f (S,Le)£' , 



^q££' = (vidX,Lx)^ ^ V(S,L^)^ ® V(S,L^)^> , FL'L^^^t 

The last equaUty in ( |6.22 ) follows from the definition (^]^) of the intertwining 
isomorphism Fl" l' through the BKS pairing ( ^.4| ) which, having in view the special 
form ( |6.18|) of the Lagrangian subspaces L' and L", leads to the expression Fi/ii, = 
FlLx ®Id® Id. 

Applying the contraction operator Tr^; to Z^^cut j^// ^cut) and making use of the 
expression (6.22), we get 



^(X':"*,L",n™*) 



e 4 



2li[n'="*+T(L_,f™t,i',i")] 



M^uFlLx [v{dx,Lx)q\ . 



Now let La C H'^{-Y,;R) © F^(S;]R) be the diagonal. It is obviously a ra- 
tional Lagrangian subspace for the symplectic form pr*_Y:(~'^'^) + ?""e('-^s) 
Fi(-S;M) © i?i(S;M). We introduce the notation L2S = Ls © is and define 
= Lx © L^. Recall that to the cylinder S x / there corresponds the standard 
vector Zsxi in 'H{{—T,) U S, La) given by the expression (6.12). Associated to the 
e-3-manifold (S x I,L2^,0) we have, according to ( |6.13| ), the vector 



^(EX/,L2E,0) = Fl2s^La{Zexi) = ^W(S,LE)£(8)f{E,LE)£ 
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in 7^((— S) U Il,L2s)- Using this we can write the following: 
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Now, since Fl/l^^^^ = eT'^(^x':^t,L^,L) p^^^^^ ^ Fv^^L^cut since the operator 
^L'L'^ = Id® Fl^^^La-, we obtain 



l,m.jfcut + Tdim//i(S;R) 

[#Tors iJ2(xc«t;Z)] 

(s(aX)q (g) CJEx/ , O-^c^t) {5x ® /iSx/) * /"X<="t 



X 

A^cutn((Ax)qxA) 

The last equality follows from the BKS pairing formula defining the operator 
Fi'^^L^cnt expressions ( 6.2C| ) for Zxcm and ( |6.12| ) for Zy;xI- We also 



wrote v{dx,Lx)q = s{dx)^ (g) 5x where 6x is the invariant ^-density on Vx such 
that J (5^ = 1, for any leaf (Ax)q of the polarization Vx on A4qx- 

(Ax)q 

As previously shown we have the reduction map Axcut D C ^ Ax and, since 
Ax n (Ax)q 7^ if and only if (Ax)q = Ax, we conclude that 

Axcut n ((Ax)q X A) = , for ah leaves (Ax)q / Ax • 

Let us write /ix™* = ax<="*^x<="* with 5x="* the invariant ^-density on Vx^^t 

1 

satisfying J (5^cut = 1- We also recall from (|6.12| ) that nsxi = (Fe)^ 



9! 



and that we have J ^^^^^^ = 1, where g = ^ dim//^(S; M). Then, making use of 
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the results in ( [|IVIa[| ,§4), we find that for each connected component [Axcut H C]^ 
of the manifold A^cut H C = Axcu* H (Ax x A) we have 



[A^cutnc] 



[#^o(Ax-t nc)] 



Let us introduce the notation v(dx,Lx) = v(dx,Lx)c^ if (Ax)q = Ax- We also note 
that the function (s(9X)(K)c7sx/) cr^X':"*) o^i Agx<:"*nC is constant on each connected 
component. Therefore, summarizing the previous results and observations and 
using the fact that (Txc"* = a xt^^t ^p<:^t , we can write 



(6.23) 

Trs 



■Z'(X'="t,L",n':"t) 



[#TTo{Ax.utn C)Y 



[#TorsF2(xc«t;Z)] 

X ^mxcut + 3 dim (S;K)+i dim(Ajf cut DC)- i dim //i ;]R) 

X FLL^(?;(ax,Lx)), 

where (s(9X)(g)cJsx/i cxc«t^pcut)^ denotes the value of the function on the component 
[Ax^t n C]c. Then let [8] G A/[x,p with [r/] = [e\^] and [59] = [6|g^] and let 
|-0c«tj _ [(^*Qj. Using the classical gluing formula ( [4.19| ) and the definitions of 
csx/) <^x,p and (Tx'="*,p™*j we find that 



(^x,p{[9&]) «) f^Sx/(M U [r?]) , axcut^pcut{[de] U [t]] U 



1. 



Since both ax,p and s(i9X) are unitary and covariantly constant sections of Cqx ® 
iDetP^jz over Ax, they differ by a constant phase factor. In view of this obser- 
vation, of the previous relation and of the relations ( 6.16| )-( |6?T7 ), the expression 



ABELIAN CHERN-SIMONS THEORY 



61 



(Pl)b 

(6.24) 



ecomes 



^(X<="*,L",n':"*) 



e 4 



[#TorsF2(X^«*; Z)] ^ [#TorsH^iX; Z)] ^ 

X li-mxcut + 1 dim (S;IR)+i dim{A_y cut nC)- i dim (OX^"* ;R) 
peToTsH^(X;Z) 

Let ax denote the real constant such that nx = ax^x- We claim that the 
following relations hold: 



[#Torsi?2(x^"*;Z) 



(6.25) aj^cut = a\ 

and 
(6.26) 

mx-t + ^dimFi(S;R) + ^dim(Ax™t nC) - ^dimFi(aX'="*;M) = • 

We postpone for a moment their proof and note first that by using the definition 
of n*^"* and the cocycle relation |LV| for the Maslov-Kashiwara index r we have: 

rf^t j^r{Lxcut,L',L") + T{Lxcut,L'^,L') (mod 8) 

(6.27) = n — r(L", Ljfciii, -L'a) + ''"(Lxciit, L', L") + T(Lxciit, -^0 (mod 8) 

= n + T{L\L",L'^) (mod 8). 
From the symplectic additivity property of r we find 

t(l', l", l'^) = t{Lx eL^eL^,LeL^e l^,Lx e La) 

= t{Lx,L, Lx) + t(Ls e Ly., Le e Ls, ^a) = . 
Putting the results (|6.24D-(|08D together we obtain 



.28) 



Try 



(X':"',L",n<="*) 



f^rnx 



e 4 



[#Tors/72(X;Z)] 
= eT-FLLxiZx) = Z^x,L,n) 

which proves the gluing property ( |6.11| (e)). 
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Let us return now to the proof of the equahty ( |6.26D . Recall that mx is defined 



by (|5.16| ) and similarly mxcut is given by 

mxcut = ^(dimFi(X^"*;M) +dimFi(X""*,aX^"*;M) 
- dim/7°(X^"*;M) - dimF°(X^"*, M)) . 

We have the following relations: 

(i) The Mayer- Vietoris cohomology sequence for the spaces X, X^'^^ , S 

(6.29) > H\X;R) H^X'^'^^iR) ^ H\^;R) H'+'^{X;R) ^ ••• 

together with Poincare duality imply the relation 
dim (X""* ; M) - dim (X^^* , ; R) 

- dim ° (X^"* ; M) + dim F° (X^"* , ax^"* ; R) 

(6.30) 

= dimi7^(X;M) - dimi7^(X,aX;M) -dimF°(X;M) 
+ dimi?°(X, aX;M) +dimFi(S;M) - 2dimi7°(i;;M) . 

(ii) The exact cohomology sequence for the pair of spaces {dX U S) C X and 
{^)-(^) give 

^ H^{X;R) F°(aXU E;M) ^ H^{X,dX UE;R) 

^ H\X; R) T{Axcut n C) ^ 

Together with the isomorphism H^{X, (9X U S; M) ^ H^{X''''\ SX'^"*; M) it imphes 
that 

dim(Ax-t nC7) = dim/?^(X;M) -dimF^(X^"*,9X'="*;M) 

(6.31) 

+ dimiJ°(aX;M) + dimF°(S;M) - dimi7°(X; M) . 

(iii) From the exact sequence ( p.8D and the fact that dim Ax = ^ dimff^(9X; R) 
we obtain 

^dimF^(aX;R) = dimi?^(X; R) - dimF^(X, aX; R) 
(6.32) +dimi7°(aX;R) - dimi7°(X;R) 

+ dimi?°(X, aX;R) 
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The claimed formula ( |6.26| ) follows then from the relations ( 6.30D , ( |6.31| ) and ( |6.32 ). 

Finally let us prove the relation ( |6.25| ). Referring back to the definition ( ^.13 ) 
we have 



(6.33) 



w 



■H^{X,dX;J) 



with w £ \BetH\X,dX;R)*\ and Wcut G |Deti7i(X'="*, OX'^"*; ] 
hand we introduced ax and oxcu* such that 



On the other 



(6.34) 



fJ-x = axSx 
^j^ciit = dxcutSx^^^ 



The R-torsion Tx of X is related to the R-torsions Tx^ut of X^^^ and of S by 
the gluing formula Q 



(6.35) 



Tx 



IX<: 



The identification between the l.h.s. and the r.h.s. is made through the isomor- 
phism of determinant lines 

|Deti7*(X;M)*| ^ |Deti?*(X'="*; M)* | |Deti7'(S; M)| 

arising from the Mayer- Vietoris sequence (|6.29 ). Using the exact sequence (| 
and, due to the normalization of the density 6x on Ax, we see that 



w(S) 6x 



m{X,dX;f) 



G \DeiH^{X-] 



defines an invariant density on the group i7^(X;T), which gives H^{X\T) volume 
1. Similarly on H^{X'^'^^; T) we have the density defined by 

Wcut ® Oxcut 



1/ vcut. 



G petH'iX 
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The Mayer- Vietoris sequence (6.29) and Poincare duality induce the isomorphism 
of determinant hues 



BetH\X;R)*\ ^ jDeti^H^''"*; I^)* | |Deti?HX^"*, M)* 
(g) |DetF^(i;;M)| «) \DetH^{X,dX;R)\ 



Thus we can define an invariant density px on the group H\X;T) by setting 



px 



Wcut 



w 



_m(X,dX;J) 



From the normahzation of the densities on the r.h.s. and from the Mayer- Vietoris 
cohomology sequence with T-coefficients for X,X^^^, S 



we see that, since 7ro[H^iX;T)] = 7ro[F2(X'="*; T)] = and since, as shown in 
Prop. Q, -Ko[H^{X,dX;T)] ^ TorsH'^{X,dX;Z) ^ TorsH'^{X;Z) and similarly 
7ro[Fi(X'="*,5X'=«*;T)] ^ TorsF2(xc«*, Z) ^ Torsi72(X^"*; Z), the density 

Px gives //^(X;T) volume equal to -r-^^- — - — - — — Making use of the gluing 
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formula ( |6.35| ) and the relations ( |6.33| ) and ( 6.34 ) we can write 
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X 



H'^{X,dX;J) 



-9- Tx 



w 



m{X,dX;T) 



-1 



w 



''X 



.2 



m{X,dX;'f) 



w: 



cut ^ ^X 



^ Ycut 



'X 



f ^cut 



-1 



w 



m(x,ax-rs) 



,2 

ix<^ 



px 



'X 



In view of the previous observation regarding the volume of H^{X;f) computed 
with Px and the fact that the density of the above equation gives H^{X; T) volume 



1, the claimed relation (|6.25|) is proved 



□ 



The mapping class group Fs of a closed oriented 2-manifold S is the group 
Diff+(S)/Diffo(S) of isotopy classes of orientation preserving diffeomorphisms of 
S. The mapping class group '^{t,,l) of an e- 2-manifold (S, L) is a central extension 
by Z/8Z of Ts: 



Z/8Z 



{S,L) 



As a set T^j] = x Z/8Z and the composition law in F^j^ is, according to 
(U), given by 

([/i],m)([/i'],m') = {[hh'l m + m' + T{L",h'*L',{hh')*L) (mod 8)) 



In the course of proving Theorem ( |6.11| (a)) we showed that, given a rational 
Lagrangian subspace L C ff^(S;M), each element [h] of the mapping class group 
Fe determines a unitary map of Hilbert spaces h* : 7i{T,,L) Ti{T,,h*L). The 
composition of this map with the isomorphism Fj^^^'L ■ T~L{J^,h* L) Ti{T,,L) 
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induced by the BKS pairing is a unitary operator UL{[h]) = ° h* on the 

Hilbert space 7i{T,,L). The assignment 

[h] ^ ULiih]) 

defines a unitary projective representation of Fs on H{T,, L). For the group r(2,L)) 
the assignment 

{[him) ^ UL{[him)=e'i'^ULm) 

determines a unitary representation of this group on the Hilbert space Ti{T,,L). 

Since the mapping class group acts on H^{T,; Z), there is a natural homomor- 
phism from Fx; to the group Sp{Z) of symplectic transformations of {H^(T,; M), ws) 
which preserve the integer lattice Z = H^{T,;Z,). According to the results in 
( ||Ma[| ,§9.1), for each rational Lagrangian subspace L C i?^(S;M), there is a pro- 
jective unitary representation of Sp{Z) on the Hilbert space TiiTi^L). Let us 
choose an integer symplectic basis (w;w') for //^(S;M), with wi, . . . ,Wg spanning 
L, where g = ^ dim H^{Y,;M.). As shown in ( ]Ma{ ,§3), the choice of such a basis 
uniquely determines a unitary basis {w(s,L)q}qg(2/fc^)9 for H{T,, L). The generators 
of Sp{Z) are the elements with matrix form 

with respect to the basis (w;w'), where A E GL{g,'L) and B € M(g,'Z), *B = B. 
Then the projective unitary representation of Sp{Z) on Ti{T,,L) is described by 
the following operators representing the generators: 

C/L(a)t;(s,L)q = z;(E,L)t^-iq 
(6.36) Ul{P)v{s,l)^ = eT'q^it;(s,L)q 

C/L(7)f(E,L)q = fe-i e^ 7;(s,L)q^ 

qiG{Z/feZ)9 

For g = Iwe have the torus mapping class group SL{2, Z) with standard generators 
the matrices 5 = ( q ) and T = ( J i ) j subject to the relations (ST)^ = I, = I. 
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•2 



The projective unitary representation of 5L(2,Z) on the Hilbert space 'H{T ,L) 
associated to the torus and L C i7^(T^;M) is described by the operators: 



1 2iri 



It coincides with the representation of the modular group ¥SL{2, Z) in two dimen- 



sional rational conformal field theory [1Ve| . The projective representation ( 6.36 ) of 
Sp{Z) on Ti{T,, L) is the same projective representation as the one constructed in 
on the vector space of theta functions at level k obtained through the quantiza- 
tion of the moduli space of flat T-connections on S in a holomorphic polarization. 



7. The path integral approach 

This section attempts to provide a motivation for the definition given at the 
end of Sect-H of the object Zx that we associate to a compact oriented 3-manifold 
X. Following Witten's approach [Wil] we start by defining Zx, for X a closed 



oriented 3-manifold, as a partition function, that is, a Feynman type functional 
integral (path integral) over gauge equivalence classes of T-connections on X with 
action the Chern-Simons functional. For the definition of the path integral and 



its subsequent evaluation we rely almost entirely on the results in | Schl , Sch2 |. A 



similar derivation is presented in | A2 1 in the context of the non-abelian version of 



the Chern-Simons theory. In the abelian Chern-Simons theory the path integral is 
of Gaussian type and the so-called semi-classical or stationary phase approximation 
gives the exact result. For the case of a 3-manifold X with boundary, the path 
integral is defined over a space of connections which are fixed over the boundary. 
Hence it is a function of the boundary connections and leads, presumably, to an 
element in the Hilbert space associated to the boundary dX. 



Remark 7.1. Let us begin with a brief description of a finite dimensional model 
which will serve as a prototype for the problem in infinite dimensions of defining 
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Zx as a partition function. The main references used are |Schl, Sch2|, to which 
we refer the reader for more details and proofs. 

Let G be a compact Lie group acting as a group of isometrics of the Riemannian 
manifold {E^gE)- We assume that the Lie algebra LieG of G is endowed with an 
invariant inner product which defines an invariant Riemannian metric on G. Then 
VolG denotes the volume of G with respect to this metric. The action of G on 
E generates a homomorphism of LieG into the Lie algebra of vector fields on 
E. This defines for each point x G a linear map : LieG — > T^E. Let 
denote the isotropy subgroup of G at the point x (z E and Vol the volume of 
Hx with respect to the metric induced by the invariant metric in G. We assume 
that the isotropy subgroups at all points x ^ E are conjugate to a fixed subgroup 
H C G. Then Vol Hx = Vol H, for all x G E. The G-invariant Riemannian metric 
qe on E induces a Riemannian metric gE/G the space E/G of orbits of G in 
E. It is defined by setting for any v,w £ T[x]{E/G) : QEjci'^i''^) = 9Eiv,w), 
where v,w £ TxE project onto v, w and belong to the orthogonal complement of 
ra;(LieG) in TxE. We let fj,E and fJ-E/G be the measures on E and E/G determined 
by these metrics. Then, if /i is a G-invariant function on E, we have 

(7.2) J hix)^iE = ^ J Hx) [det' ir*xrx)y^ f,E/G- 

E E/G 



The notation det' refers to the regularized determinant of the operator, that is, the 
product of all the nonzero eigenvalues. The G-invariant term [det'(r*r2^)] ^ 
is the volume of the orbit through the point x. A proof of the above formula is 
given in pchl |. 



Now let us consider a G-invariant real valued function f on E such that the 
stationary points of / form a G-invariant submanifold F oi E and f{x) = A 
for all X £ F. The Hessian (Hess/)^: of / at the point x £ E is a linear self- 
adjoint operator (Hess/)a; : TxE — > TxE and, since the function / is G-invariant, 
T2:(LieG) C Ker(Hess/)a;. At every point x belonging to the critical manifold F, 
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(7.3) 



(Ress f)x{v,w) = g E {(Hess f)xV,w) = gE{v, {'Ressf)xw) 



in local coordinates around x. We 



has the expression (Hessf)xi-g^ , afj) - aiW 
assume that T^F = Ker(Hess/)a; at every point x G F. We also assume that the 
space M = F/G of orbits of G in F is a manifold and we let fiM denote the measure 
on M determined by the natural metric on M induced from the Riemannian metric 
of F. The method of stationary phase ( [GS| , Schl| ]) together with the formula (7.2) 
give for the asymptotic evaluation of the integral 



(7.4) 



1 



VolG 



in the limit of large o, the following expression |Schl, Sch2]: 

Idet' {t*Tx)\ 



(7.5) 



1 



TiaA 



Q(dim£-dimF)/2 Vol 



e 4 



sgn(Hess/)i 



M 



Idet' (Hess/), 



IJ'M 



sgn(Hess/)^ denotes the signature of the quadratic form in (7^). In the terminol- 
ogy of | Schl| , |Sch2 1 , the integral in ( [7.4D is the partition function of the function(al) 
/■ 



In trying to apply the above result to the problem of defining Zx as a functional 
integral one needs to make sense of determinants and signatures of operators anal- 
ogous to the ones in (|7.5D , but this time in an infinite dimensional setting. This is 
accomplished through the use of zeta-regularization of determinants |RS1, Sch2] 



and regularization of signatures via eta- invariants APS , A2|. We recall the rele- 
vant definitions. 



Remark 7.6. Zeta-regularization of determinants. We follow |Sch2|. A non- 
negative self-adjoint operator i? on a Hilbert space Ti. is called regular if Tr[e~*^ — 
n(S)] = '^kOik{B)t^ as t ^ +0, where k runs over a finite set of non-negative 
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numbers. 11(5) denotes the projection operator onto the kernel of B. The zeta- 
function Cb{s) of a regular operator B is defined for large Re(s) by the expression 

oo 

(b{s) = E V' = r^/ Tiie-'^ -U{B)]f-Ut, 

where Xj are the eigenvalues of B. The function Cb(s) admits a meromorphic 
continuation to C and is analytic at s = 0. The regularized determinant det' B is 
defined by the expression 

(7.7) det'B = e-^s(o) 

For an operator B : TCq 7ii between the Hilbert spaces ^-iid TYi, with adjoint 
operator B* and such that B*B is regular, the regularized determinant det'i? is 
defined by 

(7.8) det'S = e-Ks.s(o) = [dei'{B*B)Y 



Remark 7.9. Let S" be a self-adjoint operator an a Hilbert space Hi. Let T : 
Tio Til be an operator between the Hilbert spaces Tlo and Tii with adjoint 
T* : Hi ^ Ho and such that T{Hq) C Ker5. The operators 5^ and T*T are 
assumed regular. By definition det' 5 = (det' 5^)2 and det'T = (det' T*T) 2. 



Then we have | Sch2 ]: 



(7 10) det'5 = ^"^""^'^^^ + ' - t'^''*'^^' + 



i 1 

2 



[det'(TT*)] 2 [det'(r*T) 



Remark 7.11. Regularization of signatures. Let -B be a self-adjoint operator on 
a Hilbert space and define the function 

(7.12) r^Bis) = E(signA,)|A,I-^ 

with Xj the eigenvalues of B. The function i]b{s) can be meromorphically con- 
tinued to C and has a removable singularity at s = 0. The eta-invariant of the 
operator B is defined as r]{B) = 77^(0) |1APS |. If is a finite dimensional matrix, 
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then ??b(0) is the signature of B, i.e. the number of positive eigenvalues minus the 
number of negative eigenvalues. 



We return now to the problem of defining Zx as a functional integral. We con- 
sider first a closed connected oriented 3-manifold X. For each p € Torsi7^(X; Z), 
we choose a T-bundle P on X with ci(P) = p. The space of connections on 
P is an affine space with vector space 27^1^1^ {X;R). The group of gauge transfor- 
mations Gp = Qx acts on by ( |2.1| ) and, according to the Chern-Simons 



functional Sx,p ■ -^p M/Z defined in (3.2) is invariant under this action. We 
define Zx by the expression 

(7.13) Zx= Yl ^^.P' 

pGTorsH2{X;Z) 

where Zx,p is the partition function of the Chern-Simons functional, that is, 

(7.14) Zx,p = J [PG] e"^'=^^'^(®) . 

The functional integral on the r.h.s. of the above equation is just a formal expres- 
sion meant to suggest that, pending the existence of a measure [DO], we integrate 
over the space of gauge equivalence classes of connections on P. We are going to 
show in the following that this functional integral can be given a precise meaning. 

Let us choose a Riemannian metric on X. For each q = 0, 1, . . . ,dimX, the 
metric determines an inner product on the space r2'^(X;M) of (7- forms on X: 

(7.15) {a, 13) = / aA*/3 



X 



In particular, it defines an inner product on the tangent space TAp = 27rir2^(X; M). 
This makes a Riemannian manifold and the group Qp acts on ^p by isometrics. 
We let fi denote the measure on ^p determined by this metric and fi the induced 
measure on the quotient space Ap/Gp. For each E Ap, let tq denote the 
differential of the map from Gp to Ap which defines by ( p.lj) the t/p-action. The 
linear map re sends Lie^p = 27ril70(X;M) into TeAp = 27ririi(X; M). Thus re is 
identified with the exterior differential tq = d : Q^{X;M.) — > il-'^(X;M). The inner 
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product in LieQp = 2TTiQ^{X]M.) defined by (7.15) induces an invariant metric on 
the group Gp. The isotropy subgroup of at a point € is the group of 
constant maps from X into T; hence, it is isomorphic to T. We let VolT denote 
the volume of the isotropy subgroup, computed with respect to the metric induced 
from that Qp. Its evaluation gives 



(7.16) VolT = [YolXy^ = y *1 

X 



Thus, besides the fact that we are dealing with infinite dimensional spaces, 
the setting is the same as the one in Remark (|7. l|) . We have the identifications 
E = Ap, G = Qp and / = kSx,p- According to ( |3.8D the stationary points of the 
Chern-Simons functional Sx,p are the flat connections; hence the critical manifold 
F is the subspace Ap = {0 G Ap \ Fq = dQ = 0} and the constant value of the 
functional Sx,p on Ap is the Chern-Simons invariant of flat connections on P. If 
0p is a flat connection in Ap, any Q € Ap can be written as G = Gp + IniA, 
for some A G r2^(X;R). Then, since dX = and Fqp = 0, we obtain from ( p. 18 ) 
that 



5x,p(G) = Sx,p{Qp) + J (27riyl A d(27ri.4)) (mod 1) 

X 

= SxA'^p) - iA^dA) (mod 1) 



Thus the Hessian of the functional / = kSx,p is the linear operator Hess/ = 
-ki<d : Q^{X;R) ^ ^1^{X;R). The quotient manifold Mp = Ap/Gp is isomorphic 



to the torus H^{X;R)/ {X]X). The inner product (7.15) on 1-forms determines 
a natural inner product on H^{X;R) through the Hodge-deRham isomorphism 
//^(X;M) = 'H^(X) with the space of harmonic 1-forms. Since the tangent space 
T[e]A4p = //^(X;M), at any [Q] € A4p, this inner product defines a measure u on 
Mp. 
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In view of these observations and of the results ( |7.2| ) and ( [7.5[ ) from the model 
of Remark (|7.l| ), we formally write: 



Ap 



Ap/Gp 



1 



(^'0 - e-^^^^HB.) / [det-(r^re)]^ 



VolT 



[det'(-A;*d)]2 

The equality ( |7.17f ^) is the result of the fact that, since Sx,p is a quadratic func- 
tional, the stationary phase method which gives for an oscillatory integral of the 
type (0) the asymptotic evaluation ( |7.5| ), produces in this case the exact result. 
The expression ( [7.17f ) will be taken as the formal definition for Zx,p in ( [7.14 ). 



Although the r.h.s. of ( [TTtI ) is meaningless, the expression in ( [7.17f ^) has rigorous 
mathematical meaning if the determinants and signatures of the operators therein 
are regularized according to the definitions in Remark ([7.6|) and (7.11). The sig- 



nature of the operator —-kd on is regularized via the eta- invariant, that 

is we take sgn(— d) = 7]{— -k d). If Aq = d*d + dd* is the Laplacian on Q'^{X; M) 
and if we let = ^a,; then for any real number A > 

(7.18) det'(AAg) = A^^(°) det'(Ag) 



and pu 



(7.19) Cg(0) = -dimKerAq = -dimF«(X; 



Now, let us make use of the results stated in remark ( |7.9| ) to evaluate the regular- 
ized determinant det'( — A; * d). Thus, we let S = —k-kd acting on r2-'^(X;M) and 
T = kd : n^{X;R) n'^{X;R). Then + TT* = k'^{d*d + dd*) = fe^Ai and 
T*T = k'^d*d = k^Ao. Using (|7lo|) and (|7ll)-([7l9|) we get 



(7.20) det' {-kkd) 



[det'(A:2Ai)]2 _ j,- dim H^x m [det'Ai]^ 
[det'(/c2Ao)] 2 [det'Ao]^ 



74 MIHAELA MANOLIU 

We also note that TqTq = d*d = Aq. Inserting the above results into the expression 
([TTzf O we obtain 

3 

(7.21) Zxp = fc"^-e-^^-.-(®-)eT'?(-'^) / ^ , [det^Ao]^ ^ 

where mx = ^(dimi7^(X;]R) — dimff'^(X;R)). The expression under the integral 
sign in the above formula is related to the Ray-Singer analytic torsion of X. 



The analytic torsion of a closed Riemannian manifold was introduced in [RSI 



RS2 | as a norm on the determinant line of the deRham cohomology of the manifold. 
Thus, for the closed 3-manifold X endowed with a Riemannian metric, the Ray- 
Singer analytic torsion is a density 

(7.22) r| G \DetH'{X;R)*\ = |Deti?°(X; R)| ® |Deti7^(X; R)*| 

(8) \DetH^{X;R) \ ® |Deti7^(X; M)* j 



It is defined by the expression [ RS2 ] : 



(7.23) = <5|Dct/f-(X;M)| • exp[- ^ (-1)^<(0) 

q=0 

The inner product on the space 7i'^{X) of harmonic forms defined by the product 
( 7.15| ) on forms determines an inner product on i/''(X;R) = TL'^{X) and thus, a 



density 5|Dct_H'*(X;lR)| on \DetH*{X; M)|. libg = dmiTC^{X) and . . . , i/^^ is any 
orthonormal basis for 7{'^{X), then 

(7.24) VetH-(X;R)| = 

where u^'^^ = A - • ■f\v^\ According to the definition of regularized determinants 
we have det' Ag = q~'^i^^\ Thus the Ray-Singer torsion of the closed connected 
3-manifold X can be represented as 

(7.25) = [(det'Ao)°(det'Ai)i(det'A2)-2(det'A3)3]5 x 

The Hodge ^-operator determines isomorphisms Ag = As-g and by Poincare dual- 
ity if9(X;M) ^ H^-i{X;Ry. Moreover, any orthonormal basis z^(°) of7^°(X) 
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is a constant such that Iz^^^^^l = [VolX] Hence the square root of the analytic 
torsion can be regarded as a density {T^p e |Deti?^(X;M)*| which IS given 
by the expression 

(7.20) 

[VolX]2 [det'Ai]4 

where = [z^^-*^) j^-*^ = {v^^ A • • • A for any orthonormal basis • • • , i^l^^ of 

n^{X). In view of the isomorphism Mp = M)/i7^(X; Z), the square root 

{T^)2 of the analytic torsion defines an invariant density on the moduli space of 
flat connections Aip. Using ( [7.26| ), the expression ( [73lD reads: 

(7.27) = A;"^ e^''^'^^-^^®^) eT'?(-*'^) J (T^)^ 

Mp 



It is proved in | RS2 | that the analytic torsion of a closed manifold is independent 
of the metric. Thus is a manifold invariant. The only metric dependence in 

( 7.27 ) comes from the phase factor e"^''^"*'^-'. Since, after all, we choose how to 
define Zx,p, we are going to modify our original definition (7.17) by multiplying 
that expression with e"^''^^*'^^ This makes the resulting expression metric inde- 
pendent. We remark that in the non-abelian Chern-Simons theory |Wil|, Witten 
compensates the metric dependence of the path integral by adding to the original 
action a counterterm, the gravitational Chern-Simons action. 

Starting with a heuristic functional integral formula, we have thus succeeded to 
associate to the closed connected 3-manifold X the topological invariant 

(7.28) Zx = A:*^^ Yl e^''^^^'^^®^) / (T^)^ 



We note that the factor k"^^ agrees with the one appearing in |FG], in the anal- 
ogous expression of the closed 3-manifold invariant for the non-abelian version of 
the Chern-Simons theory. 

We treat now the case of a compact connected oriented 3-manifold X with 
boundary dX. We fix a trivializable T-bundle Q over dX and a section s : dX Q. 
Then, for each p G TorsH^^X; Z), we choose a T-bundle P — > X with ci(P) = p 



76 MIHAELA MANOLIU 

and fix a bundle isomorphism (j)p : dP Q. The section s : dX Q determines 
a section sp = (pp^ o s : dX — > dP. If 77 is a connection on Q, then we define the 
space 

Ap{ri) = {eeAp\de = (l)*pri} 

of connections on P whose restriction dQ = B j^^,^ to the boundary of X is identified 
with r] under the given bundle isomorphism over dX. The space Ap{ri) is an affine 
space with vector space 27riQ}i„„(X;M), where 0}i„„(X;R) denotes the space of 
1-forms A on X whose geometrical restriction to dX is zero (i.e. the pullback 
i*A = under the inclusion map i : dX X). 

Let Qp[e) = Qx{e) denote the subgroup in Qp = Qx of gauge transformations 
which restrict to the identity map over dX. The group Qp{e) acts on Ap{rj) 
through ( |2.lD and the action is free. Given the section sp : dX dP, the Chern- 
Simons functional Sx,p{sp, ■) '■ •Ap{rj) — > M/Z defined by ( |3.9| ) is invariant under 
the ^p(e)-action on Ap{r]). As for the closed manifold case previously discussed, 
we set 

(7.29) Zx,p{v) = J [PG] e^'^^^-^(^^'®) 

Ap{v)/gp{e) 

and using similar methods aim to show in what follows that one can make sense 
of such a functional integral. 

For this purpose let us choose a Riemannian metric on X. The inner product 
defined on the tangent space by the metric determines, at each point of dX, a 
normal vector to the boundary. Therefore, a differential form a on X can be 
decomposed into a tangential and a normal component a = atan + ctnorm and one 
has {•ka)norm. = -^^iatan), {da)tan = d{atan), {d*a)norm = d*{anorm)- We introduce 
the subspaces in r2'^(X; M) of g-forms on X satisfying relative boundary conditions 

[iH: 

^^„„(X;M) = {a G 17^(X;M) | atan = {d*a)tan = on dX} , 
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and absolute boundary conditions: 

Ql,,^{X-R) = {/? G n'^{X;R) I pnorm = {dP)norm = On dX} . 

Then we let A*'^" denote the Laplace operator d*d + dd* acting on Qj^^{X;R) 
and Ag"^™ the Laplace operator on ^}%ormiX;M). If i* is the pullback under the 
inclusion i : dX — > X, the conditions i*a = and = are equivalent to 

the conditions atan = on dX and f3norm = on dX, respectively. The Hodge- 
deRham theory for manifolds with boundary gives the isomorphisms [ plSl , Mii] 



H^X,dX;R) ^nl^iX) 

H^ix;m) ^n^^M, 

where 

nf^ni^) = {ae n^{X;R) I atan = on dX, da = d*a = on X} 
Hl„.^{X) = {/3 € n'i{X-R) I (5norm = on dX, d(3 = d*(3 = on X} 

are the spaces of harmonic forms on X with relative and absolute boundary con- 
ditions. 

Let fl be the measure on Ap{ri) determined by the inner product ( 7.15| ) defined 



on each tangent space TQAp{r]) = Q,\ j^„(X;IR) by the metric on X and let /i be 
the induced measure on the quotient space Ap{r])/Gp{e). For each 6 G Ap{r]), we 
have the linear map re = d : Lie^p(e) ^ J^t°„„(X;M) TeAp{r]) ^ 
determined by the t/p(e)-action on Ap{t]). 

The stationary points of the Chern-Simons functional Sx,pisp, ■) '■ Ap{r]) — > 
M/Z form the subspace of flat connections Ap{r]) = {© E Ap^i]) | Fq = dQ = 0}. 
We assume that the connection r] over dX is flat and extends to flat connections 
over X. Otherwise the spaces Ap{r]) are empty. Let us fix an arbitrary flat 
connection Bp G Ap{ri). Then any connection B € Ap{r]) can be expressed as 
B = Bp + 2mA, for some A e ^1 t^niX; M), and it follows from (|3T8D that 



5x,p(sp, e) = 5x,p(sp, Qp) - {A, ^dA) (mod 1) 
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Proceeding in the same way as for the closed manifold case, we mimic the finite 
dimensional model of Remark ( tr.l| ) and formally define the partition function of 
the quadratic functional Sx,pisp, •) as 



(7.30) 
(SO 

im") 



1 



Vol^p(e) 



^TTikSx,p{sp,0) ^ 



^TTikSx,p{sp,B) frlpt' 



[det'(r^re)]^/i 



Ap{v)/gp(.e) 
TrikSx,p{sp,0p) 



e 4 



Mp{r]) 



sgn(-^d) [det^(^e^e)] 
[det'i-k^d)]' 



The deRham theory for manifolds with boundary gives the following identifica- 
tion (9X; M) = (Ker dLi ,„^J/(ImdLo iYW\)- Thus the quotient space 
Mp{ri) = A^p{ri)/gp{e) is isomorphic to the torus H'^{X,dX;n)/H'^{X,dX]Z). 
The measure vt on AApijj) appearing in ( |7.30f ^) is the measure induced by the in- 
ner product determined on H^{X, dX; M) through the isomorphism with TLI^^{X). 
The expression ( [7.301 ') will be taken as the formal definition for Zx,p{r]) in ( [7.29[ ). 
We are going to show in what follows that ( [7.30f ^) has rigorous mathematical 
meaning if one takes the regularized determinants and signatures of the operators 
therein. 

To evaluate dei' {—k -k d) we are going to use the results in Remark ( [7. 91 ). Let 
S = -k-kd acting on the space Vl\^^{X; M) and S = ( J*, f ) = ( "o*'^) acting 
on 17|„„(X;]R) Vt\^.,^{X]M.). We also let f be the operator f = o^) on the 
space J1?„„(X; M) el^°orm(^; Then we find that S'^ + ff* = A;2(Af " © A^^"''"*) 
and f*f = A;2(A^'^" © A^°^™). According to the definition (Q, we have det' S = 
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det'(5*5)[ 2 = I det' S\2 . Using this and the relation ( 7.1Cl|) , we can write 



, ,~i |det'(^2 + Tr*)| 
det' {-ki^d) = |det'5|2 = ' ^ ^' 



|det'(r*f) 



|det'(/c2Af'^) det'(fc2A™) 
|det'(A;2A*"") det'(A;2A™)| ^ 

^-|[dimHi{X;K)+dim_ffi(X,eX;R)] jjet'A^'^" det'A"°^™|^ 

^-i[dimHO(X;R)+dimJ/0(x,aX;R)] jjg^/^tan det'AJ^°^™|^ 



Inserting the above result together with det'(rQTe) = det' Aq"" into ( |7.30 
obtain 

(7.31) Zx,pin) = k"""" e'''^Sx,p{^p,ep) gf ^ 



we 



|det'A*n""|s Idet'Ar''"*!^ 



^0 



Mp{v) 



|det'Af"|8 |det'A^ 



1 

norm I 8 



r '^t 



with mx defined as in (5.16). We are going to relate the term inside the integral 



sign in the expression ( 7.31[ ) to the Ray-Singer analytic torsion of X. 



The same definition ( 7.23| ) of the Ray-Singer analytic torsion as a density on 



|Det-ff*(X; M)| applies when X is a Riemannian manifold with boundary |Mii| , 



In this case the zeta- function in ( 7.23 ) is that of the Laplace operator A^ 



. norm 



on QnormiX-jW) and the density 5|DetH*(X;R)| on |Detff*(X;M)| corresponds to the 
natural inner product on H'{X;R) = TCnormi-^)- Thus the Ray-Singer analytic 
torsion of the compact connected 3-manifold X with nonempty boundary dX is 
the density G |DetF°(X;M)| (g) iDetF^^; 1^)* I \I)etH^iX;R)\ given by 



T| = [(det'A[J°^'^)°(det'Ar™)^(det'A^°^'^)-2(det'A^°^'")3]3 



1 

X 



X byW I (5?) l7y(^) (5?) liP'^ I 

where Vnorm = v'l^ A • • • A , with hq = dim Tinorm {X) and z^j*^^ , . . . , f an or- 
thonormal basis for TinormiX). An orthonormal basis Vnorm 

of W°(X) ^ M is such 

that Iz^iorrrtl = [VolX] ^. Poincare duality gives the isomorphisms H'^{X]W) = 
H'^-i{X,dX]M.)*. Also, the spaces nlorm{X]M) and nl~^{X;M) are isomorphic 
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under the Hodge ^-operator and det' A^"^™ = det'Ag'^^. In consequence, the 
square root of the analytic torsion can be regarded as a half-density (T^)^ in 
\DetH\X;R)*\2 \DetH^X,dX;R)*\2 which is given by the expression 



, „ 1 1 [det'A*""]* [det'Ar^^l^ 

[VolX] * [det' Af 2 

Here f„ = |j^iorm|~^ = l^^i^^ A • • • A for any orthonormal basis . . . , uj^^^ 

of harmonic forms of Hn^rmi-^)- Similarly, ut = \i^tln\~^^ = {(^[^^ A • • • A z>|^^'|^^, for 
any orthonormal basis . . . , D^^^ of '^^^^(X), where /i = dim7^^„„(X). Having 
in view of the isomorphism Mp{r]) = H^{X, dX; M)/H^{X, dX;Z), we note that 

(7.33) I (ri)i ^ [ / ^t] (ri)i®(z.o-^ 



,1 „ .1 



is a half-density in \DetH'^{X;R)*\2 (g) \DetH^{X, dX;] 

As in the case of a closed manifold, it was proven in Q that the analytic torsion 
of a manifold X with boundary is independent of the metric chosen on X (the 
metric is assumed to be a direct product metric near dX). On the other hand the 
partition function Zx,p{f]) in ( |7.3l| ) is a metric dependent complex number. In 
the light of the previous observations on the analytic torsion, we remark that we 
can get rid of this metric dependence if we multiply Zx,p{i]) by the half-density 
T G \BetH\X;R)*\-^ ^ \DetH^X,dX;R)\^ defined by 



^ x<.ex)e--^i-*d) det'A^o*^" p det'Ag''"™ «^ i ^ , 
(7.34) T = 2 — ^-A_l i__ ^ ^ 

[VolX] 4 [det' Af "] 8 [det' AJ°'"™] « 

where x{dX) is the Euler characteristic of dX. Thus, multiplying ( [7.31 ) by ( [7.34 ) 
and having ( [7.33| ) in view, we obtain 

Mp{v) 

which is independent of the metric on X. 

Hence to a compact connected 3-manifold X with boundary dX the path in- 
tegral approach outlined above associates, for every flat connection ry over dX 
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extending to flat connections over X, the half-density 

Zx{r]) e \BetH^{X;R)*\^ \BetH^{X,dX;R)\^ 
given by the expression 
(7.35) Zxiv) = E ZxAv)'^ 

peTors_H"2(X;Z) 



According to the remarks made in Sect.|2| regarding the group H'^{X,dX]T), we 
have 7ro(i?H^>9X;T)) ^ TorsF2(x, aX; Z) ^ TovsH'^{X;Z) and each compo- 
nent of H^{X,dX;T) is isomorphic to the torus H'^{X,dX;R)/H'^{X,dX;Z). 
Since 



A4p(r;) _H'l(X,9X;R)/_ffl(X,9X;Z) 

1 



[#7ro(//i(X,aX;T))] 



for all P, we can rewrite (|7.35|) as 
(7.36) 



peTors/i'2(X;Z) 



/i"l(X,9X;T) 



Ray and Singer conjectured |RS1| that for a closed manifold X the analytic 



torsion norm and the Reidemeister torsion norm Tx on |Detff*(X; M)| coincide 
(7.37) n = Tx. 

A proof of this fact can be found in Q. Thus, in view of ( 7.37| ), the expression 



( 7.28| ) for the invariant Zx associated to the closed connected oriented 3-manifold 



X through the path integral approach coincides with the expression ( 5.17 ) from 
the geometric quantization approach. 
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For a compact manifold X with nonempty boundary dX, Q proves that the 
two norms on |Deti7*(X; M)|, the analytic torsion norm and the Reidemeister 
torsion norm Tx, are related by 

x{dX) 

(7.38) = 2^^Tx. 

Referring to the definition of the Chern-Simons section in Sect.^ and to the discus- 
sion in Sect.|5|, we note that the terms q'^^^^x,p{sp,Q>p) (7^3^) give rise to sections 



of the prequantum line bundle Cqx over the Lagrangian image Ax C Mdx of the 



moduli space of flat T-connections AAx- In view of ( 7.33 ) and of the isomorphism 
( |5.12| ), the half-density J (^x)^ interpreted as a section of the bun- 



die of half-densities on Ax- Hence, with the identification ( 7.3§| ), the expression 
( [7.36| ) is seen to correspond to the vector Zx in ( |5.15| ). It is interesting that the 
pure path integral ( 7.31 ) and the half-density factor ( [7.34 ) introduced to compen- 



sate the metric dependence of ( 7.31| ) combine together to produce a result which 



agrees with the one obtained in the geometric quantization approach. 

Acknowledgements. I would like to thank Prof. Dan Freed for introducing 
me to the Chern-Simons theory, as well as for the helpful suggestions and advice 
during the development of this project. 



References 

[Al] M.F. Atiyah, Topological quantum field theory, Publ. Math. Inst. Hautes Etudes Sci. Paris 
68 (1989), 175-186 

[A2] , The geometry and physics of knots, Cambridge Univ. Press, (1990) 

[A3] , On framings of 3-mamfolds, Topology 29 (1990), 1-7 

[AB] M.F. Atiyah, R. Bott, The Yang-Mills equations over Riemann surfaces, Phil. Trans. R. 

Soc. Lond. A 308 (1982), 523-615 
[ADW] S. Axehod, S. Delia Pietra, E. Witten, Geometric quantization of Chern-Simons gauge 

theory, J. Diff. Geometry 33 (1991), 787-902 
[APS] M.F. Atiyah, V.K. Patodi, I.M. Singer, Spectral asymmetry and Riemannian geometry. I, 

Math. Proc. Cambridge Phil. Soc. 77 (1975), 43-69 
[Br] G.E. Bredon, Topology and geometry. Springer- Verlag, New- York (1993) 



ABELIAN CHERN-SIMONS THEORY 83 

[F] D.S. Freed, Classical Chern-Simons theory. I, Adv. Math. 113 (1995), 237-303 

[FG] D.S. Freed, R. Gompf, Computer calculations of Witten's 3-manifold invariants, Commun. 

Math. Phys. 141 (1991), 79-117 
[FQ] D.S. Freed, F. Qumn, Chern-Simons theory with finite gauge group, Commun. Math. Phys. 

156 (1993), 453-472 

[G] T. Gocho, The topological invariant of three-manifolds based on the U{1) gauge theory, J. 
Fac. Sci. Univ. Tokyo, 39 (1992), 169-184 

[Go] M. de Gosson, The structure of q-symplectic geometry, J. Math. Pures Appl. 71 (1992), 
429-453 

[GS] V. Guillemin, S. Sternberg, Geometric asymptotics, AMS Mathematical Surveys 14, Provi- 
dence RI, Amer. Math. Soc. (1977) 

[JW] L. Jeffrey, J. Weitsman, Half density quantization of the moduli space of fiat connections 
and Witten's semiclassical manifold invariant. Topology 32 (1993), 509-529 

[K] B. Kostant, Quantization and unitary representations, Lecture Notes in Math. vol. 170, 
Springer, Berlin (1970), 87-208 

[KN] S. Kobayashi, K. Nomizu, Foundations of differential geometry, vol.1 , Interscience, (1963) 

[LV] G. Lion, M. Vergne, The Weil representation, Maslov index and Theta series. Prog. Math., 
Boston 6, Birkhauser, Boston-Basel-Stuttgart, (1980) 



[Ma] M. Manoliu, Quantization of symplectic tori in a real polarization, dg-ga/9609012 



[Mil] W. Miiller, Analytic torsion and R-torsion of Riemannian manifolds. Adv. Math. 28 (1978), 
233-305 

[RSI] D.B. Ray, LM. Singer, R-torsion and the Laplacian on Riemannian manifolds. Adv. Math. 
7 (1971), 145-210 

[RS2] , Analytic torsion, Proc. Symp. Pure Math. 23, American Math. Soc. (1973), 167- 

182 

[RT] N. Reshetikhin, V. Turaev, Invariants of three-manifolds via link polynomials and quantum 

groups. Invent. Math. 103, (1991), 547-597 
[Schl] A.S. Schwarz, Instantons and fermions in the field of instanton, Commun. Math. Phys. 

64 (1979), 233-268 

[Sch2] , The partition function of a degenerate functional, Commun. Math. Phys. 67 

(1979), 1-16 

[Sn] J. Sniatycki, Geometric quantization and quantum mechanics. Springer- Verlag, New- York- 
Heidelberg-Berlin, (1980) 

[V] S. M. Vishik, Generalized Ray-Smger conjecture. L A manifold with smooth boundary, Com- 
mun. Math. Phys. 167 (1995), 1-102 



84 



MIHAELA MANOLIU 



[Ve] E. Verlinde, Fusion rules and modular transformations in 2d conformal field theory, Nuclear 

Phys. B300 (1988), 360-376 
[Wa] K. Walker, On Witten's 3-manifold invariants, preprint (1991) 
[We] A. Weinstein, Lectures on symplectic manifolds, AMS, No.29, (1977) 

[Wil] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121 

(1989), 351-399 

[Wi2] , On quantum gauge theories in two dimensions, Commun. Math. Phys. 140 (1991), 

153 

[Wo] N.M.J. Woodhouse, Geometric quantization, second ed., Clarendon Press, Oxford, (1992) 

Department of Mathematics, University of Texas, Austin, TX-78712 
E-mail address: mihaOmath.utexas.edu 



